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CHAPTER 1 


INTRODUCTION 

This chapter is divided into three sections. The first 
section deals with the history of the material related to our 
work presented in this thesis. In the second section we 
present the synopsis of the thesis and the last section consists 
of the basic definitions and notations. 

1.1 BRIEF HISTORY There are many interesting areas of research 
in directed graphs. One such in the field of directed graphs 
is the tournaments. The tournament theory is one of the richest 
theories in directed graphs. There is no analogue of the 
tournament theory in the case of undirected graphs. The theory 
of tournaments is being studied for last many years but the 
combinatorial structure of the tournaments was studied only a 
few decades ago. Up to 1965/ much research work was carried out 
on the tournaments but the results were all scattered. Harary 
et al [ 53 ] in 1965 for the first time made a systematic study 
of the tournaments and presented the known results in their 
book [ssj. After a year only Harary et al [54jj published a 
paper containing some more new results along with a bibliography 
The pioneering work on tournaments has been reported by Moon 082 
in his book 'Topics on Tournaments' . which was published in 
1968. After 19^ much work has been reported on tournaments in 
different journals, A very useful and extensive survey as well < 
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a bibliography (containing 95 references) of the work on 
tournaments has been published by Reid and Beineke Css} in 1978. 
This work of Reid and Beineke is less involved than Moon's [ 823 . 
Reid and Beineke have emphasised on recent work. 

The important research areas of tournaments are the 
spanning paths, circuits, scores, enumeration, extremal problems j 
the automorphism of tournaments, regularity in tournaments, a 
variety of structural problems, isomorphism problems and many 
others. For the survey and bibliographies we refer to Css} and 

[107]. 

The literature on spanning paths and circuits can be found 
in [2,20,22^37,38,41,42,45,50,51,54,60,66,82,83,87,90,91,96,105]. 

The scores of tournaments^ we study in detail in Chapter 2. 
For enumeration problems related with tournaments, we refer to 
[21,34,37,38,46,55,32,83] . The other references on tournaments 
can be found in [78,88,97,102,103,104,106,107,108]. 

It is interesting to see whether a part of the tournament 
theory can be applied to the other areas. The bipartite 
tournaments are the bipartite analogues of tournaments. Moon [80 
for the first time studied the bipartite tournaments in detail 
in his doctoral dissertation in 1962. In the same year Moon 
and Moser [84] publish®! a paper which deals with the distritutio 
of 4— cycles in random bipartite tournaments. Beineke and Moon 
[10] have studied the score lists of bipartite tournaments, simpl 
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pair of bipartite score lists, the decomposition of bipartite 
tournaments into strong canponents and pair of score lists 
belonging to consistent bipartite tournaments, Beineke and 
Little tn] have studied the existence of cycles in bipartite 
tournaments, Beineke [ 9 ] has examined an analogous of the result 
on ordinary and bipartite tournaments. Beineke in this paper 
has studied bipartite tournaments in detail and has suggested 
some unsolved problems for further work. Bollabas et al ^14] 
had determined recently the expected value and variance of the 
number of 4— cycles in mxn—bipartite tournaments and the probabili 
that an mxn-bipartite tournament has no cycles. Other references 
related to bipartite tournament can be found in [9]* 

The research work on tripartite tournaments is still in its 
early stage. 

One of the \insolved challenging problems in canputational 
graph theory is the graph isomorphism problem. More than 400 
papers have appeared in the literature on graph isomorphism and 
related problems but graph isomorphism problem is not yet 
completely settled. The graph isomorphism problan is to devise 
an efficient algorithm for testing the isomorphian of a givai pad 
of graphs. No polynomial time algorithm has yet been foiand i.e, 
the graph isomorphism problem is not known to be in P, For 
details we refer to [5,24/30,31,33,79,86}. Graph isomorphism 
problem is in NP, But unlik'e many other interactable probl^s 
it is not known to be NP-complete [24,31,33,47,49,69,75,79,86}, 
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To have an overview of the work done on graph isomorphism and 
its present status we refer to[23,'24/ 31 ,49,79,100] and the 
references given therein. Colboum £23] has classified the 
graph isomorphism probloati in many different areas* Hiere are 1 
main areas* First is the theoretical aspect of graph 
isomorphism problem. Second is the algorithmic aspect of the 
problm* The third is the surveys of the work on graph 
isomorphism. Each section is further divided in to subsections. 
For details we refer to [23], Due to the unsettled nature 
of the problem the isomorphism of restricted families of graphs 
and other structures have been studied. There are certain 
families of graphs, structures vdiose iscxnorphism problon Is 
polynomially time equivalent to graph isomorphism. Such problems 
are called the isomorphism complete problems. There are many 
known isomorphism complete problems of restricted families of 
graphs such as bipartite graphs [lOl], Chordal graphs and 
transitively or ien table graphs [l8] , rooted acyclic digraphs [l 
regular graphs [l6,33,79], regular self-complementary graphs 
[ 26 ], k-trees for arbitrary k [65]* For many other isomorphism 
complete probletis of families of graphs, we refer to [19]. Ihere 
are many structures whose isomorphisa problem is isomoiphism 
complete such as semigroups, finite automata [17], lattices [44] 
finitely presented algebras [67] * We have noted that all these 
isomorphism complete problems were basically isomorphism problems 
However there are problems %^ich are not isoonorphism problems but 
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are isomorphism complete. Among such problems one is the k-clic^ui 
problem [57/68/73], 

There are certain families of graphs xi^diose isomorphism 
problems are not knovm to be isomorphism complete. Among such 
problems there are certain families of graphs for which 
isomorphism testing is an easier task i.ewa polynomial time 
algorithm has been obtained. Some of the families of graphs 
whose isomorphism can be tested in polynomial time are, trees 
[58]/ Planar graphs [59]/ graphs X 7 ith distinct ^eigoivalues [5jj, 
k- trees for k constant [56]/ interval graphs [76], transitive 
series parallel digraphs [7l]/ cographs [72/95]/ permutation 
graphs [25]/ graphs with bounded valence ]|77], Still there 
are certain families of graphs v^ich are neither known to be 
isomorphism complete nor a polynomial time algorithm has been 
obtained. Tournament is one such family and we study tournament 
isomorphism problem in Chapter 3, For other such problems we 
refer to [l9,33]. 

The continued interest in the research work on graph 
isomorphism problem is due to its complexity and many of its 
practical applications. For applications we refer to [24/86], 
Many other references/ not mentioned in this thesiS/ on the 
computational complexity of graph isomorphism probl^ can be 
found in [ 2 4/ 31 / 33 / 49 , 75 , 79] . For papers on probabil is tic and 
random methods/ ej^ected time complexity and theoretical 
results on iscxnorphism of random graphs/ we refer to [5/6,7/63/ 
64,74], 
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Lastly we give references of general graph isomorphism 
algorithms. The list consists of [ 17,13^28,29,30,32/35^36,61^ 
86,94,98/99,100]. 

1*2 SYNOPSIS OF THE THESIS, We give here a synoosis in order 
to mention the contributions contained in this thesis. Chapter 1 
provides the necessary ground work to understand the work presente 
in the subsequent sections. 

We study in Chapter 2, tournaments and their score 
sequences. Our main OTphasis is on different kinds of score 
sequences as simple score sequences, self-converse score 
sequences, self-converse and simple score sequences, A recurrence 
relation is given to evaluate the nximber of self-converse slitple 
score sequences of order n. The concepts of nearly-simple and 
near-simple score sequences have been introduced and are studied 
in detail. Some recurrence relations to evaluate nearly-simple, 
near-simple, self-converse nearly-simple and near-sirtple scoire 
sequences have been obtained. 

We deal with the tournament isomorphism problem in Chapter 
3, Tournament isomorphism problem is neither solvable in 
polynomial time nor is known to be isomorphism complete. 

We refer to Colbourn et al [26] for other details. We have 
established that the tournament isomorphism problem and the 
strong tournamoit isomorphism problera are polynomially equivalent 
problems. We also present an algorithm to test T/diether the two 
given tournaments are isomorphic or not. 
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Chapter 4 is on another class of tournaments known as 

bipartite tournaments. First we obtain some results on the 

bipartite score lists and the strong coirponents of bipartite 

tournaments. A technique is given to obtain all the bipartite 

score lists of order mxn with the help of computer. The 

problem of bipartite tournament isomorphism is studied in the 

next section and some results are obtained. We have counted 

the niomber of strong simple pairs of bipartite score lists of 

order mxn and then give a recurrence relation to evaluate 

the total number of simple pairs of bipartite score lists of 

Cast 

order mxn. In the^portion partial characterisations of self- 
converse bipartite score lists have been achieved 

In the last Chapter, we discuss one more class of 
tournaments, known as the tripartite tournaments. First we 
characterise tripartite score-lists and present a technique to 
generate all the tripartite score lists of order pxqxr with the 
help of computer. In the end we study the relationship 

between the tripartite and the bipartite tournaments. The 
concept of score vectors is introduced and then the tripartite 
score vectors are characterised. Some analogous results of 
bipartite tournaments in the case of tripartite tournaments are 
obtained and some new results are reported. ^ few conjectures 
and some open probl^is are mentioned, 

1,3 BASIC DEFINITIONS AND NOTATIONS 

We intiroduce here definitions and concepts directly related 
to the tournaments and the graph isomorphism. Other Important 
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definitions are standard and can bs found in any text book of 
graph theory e.g. [8,15, 35/43^52/53, 55#82x88, 89] . For 
definitions and notations on concepts of computational complexity 
of graph isomorphism, we refer to [ 1,27, 40,47,48 / 62]* 

Some of the definitions are given below. 

Definition 1*3*1* A graph G consists of a finite nonempty set 
V = V(G) of p vertices (points) known as vertex set, together 
with a prescribed set E of q unordered pairs of distinct vertices 
(points) of V, The set E is known as the edge set and the 
eleaents of E are known as edges (lines). If e = (a,b) is an 
edge, then e is said to join a and b. 

Definition 1*3,2 * A digraph D consists of a finite non-onpty 
set V of nodes (points), known as the vertex set, together with 
a prescribed collection E of ordered pairs of distinct nodes, 
known as the arc set. The digr3.ph D = (V,E) r^resents a 
digraph with node set V and arc set E, 

If e = (u,v) is an arc of a digraph then a is adj'acent to b 
and b is adjacent from a. 

Definition 1,3,3, An oriented graph is a digraph having no 
symmetric pair of directed lines (arcs). 

Definition 1,3,4, The out-degree od(v) of a vertex v is the 
number of vertices adjacent from it, and the in— degree id(v) 
is the number adjacent to it. 
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Definition 1»3«5 « A walk in a digraph is an alternating 
seguence of vertices and arcs ****^n~-l*^n ^ which 

ej[_ = ^^i'^i+1^ • length of such a walk is n, the number 

of occurrences of arcs in it. A closed walX has the same first 
and last vertices and a spanning walk contains all the vertices. 

Definition 1,3.6, A path is a walk in which all the vertices 
are distinct. 

Definition 1,3,7 . A cycle is a closed path. 

Definition 1.3.8 . If there is a path from a vertex u to the 
vertex v, then v is said to be reachable frcan u. 

Definition 1»3,9, A digraph is strong if every two vertices 
are mutually reachable. 

Definition 1,3.10 . A subgraph of a graph G is a graph having 
all of its vertices and edges in G, 

Definition 1.3,11 . I’or any subset Sof v(G) of a graph G, the 
induced subgraph <S> is the maximal subgraph of G with vertex 
set S, 

Definition 1,3,12, The converse digraph D' of D has the same 
vertex set as D and (u^v) e E(D') iff (v*u) 6 E(D) , 

Definition 1,3.13 . The complete graph has every pair of its 
n nodes adjacent. 
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Definition 1«3«14 « A complete bipartite graph G is a graph 
whose vertex set V is partitioned into two disjoint non-empty 
subsets and such that (u,v) is an edge for each u' in 
and V in V 2 . If iV^l =: m and )V 2 l = n/ ve write ® n* 

Definition 1»3«15 . A complete tripartite graph G is a graph 
whose vertex set V is partitioned into three disjoint non-empty 
subsets V 2 and such that (u^v) is an a^^for each u in 

and each v in Vj for i j. If = p/ IV 2 I = q and iV^l = r# 

then we write G = K . 

P/qrt 

Definition 1.3»16» A strong component of a digraph is a 
maxamal strong subgraph. 

Definition 1,3,17 , The condensation D* of a digraph D has the 
strong components of D as the vertices of D*, with an arc frcxn a 

strong component to another strong component whoiever there 
is atleast one arc in D from a vertex of to a vertex of S^, 
Definition 1,3»18 » Two graphs G^ = and G 2 = ^^ 2 ^^2^ 

isomorphiC/ denoted by Gj^ = G 2 if there exists a one to one 

correspondence between their vertex sets and which 

preserves adjacencies (Similar definition can be given for 

digraphs.) 

Definition 1,3.19 . A digraph D is self-conveorse if D =D', 

Definition 1.3.20 . A tournament T = (V/E) is a coirplete oriented 
graph with vertex set V and arc set E i.e. for every pair of 
vertices u and v either (u,v) is an arc or (v,u) is an arc^ bul; 
not both. Ihis tournament is called an ordinary tournament. 
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Definition l»3»2l» A bipartite tournament T is a complete 
oriented bipartite graph. Thus vertex set V(T) is partitioned in 
to two disjoint non-empty sets X and Y, known as the partite sets 
such that two vertices are j’oined by an arc iff they lie in 
different partite sets. 

Definition 1,3,22 , A tripartite tournament T is a complete 
oriented tripartite graph. Thus the vertex set V(T) is 
partitioned into three disjoint non-enpty sets X, Y and Z, 
known as the partite setS/ such that the two vertices are 
joined by an arc iff they lie in different partite sets. 

Definition 1,3,23, In any tournament a vertex u dominates v 
if (u,v) is an arc. 

Definition 1,3,24 , In a tournament, the score of a vertex v, 
denoted by s(v), is the number of vertices dc»nlnated by v. 

Thus s(v) is the out-degree of v. 

The other graph theoretical definitions, not given here, 
can be found in the references given at the beginning of this 
section. Now we give scxne definitions related to the 
computational complexity of the graph isomorphism problan. 

Definition 1,3,25 , A probl^i is said to be in P if it can be 
solved in polynomial time on a one-tape deterministic Turing 
machine. Informally, this means that the problem can he solved 
in polynomial time on an ordinary cc»nputer. 
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Definj-tion 1,3«26 » A problem is in NP if it. can be solved in 
polynomial time on a one tape non— deterministic Taring machine. 
For details we refer to Aho et al [l] and Even [40]* 

Definition 1.3.27 . A p 2 !» 6 »tolann is polyncmiially reducible to 
a problem P 2 / denoted by P^ if the existence of a 

polynomial algorithm for P 2 implies the existence of a polynomial 
algorithm for P^. If P^ P 2 and P 2 then P^^ and P 2 are 

said to be polynomially equivalent problems. 

For NP— completeness, there are three definitions 
available in the literature, one by Karp [ 62 ], one by Cook [27] 
and another by Aho el al [1]. Here we give the most g^eral 
definition given by Aho et al. 

Definition 1.3.28. A problem in NP is called NP— ccanplete if 
it has the following property : if the problem belongs to P then 
all problems in NP also belongs to P. 

There are many interactable problems v^ich are NP— coitplete, 
fbr example, subgraph isomorphism, Hamiltonian cycle, l^cligue 
and many others. For NP- complete problems we refer to G&rey, 
Johnson and Stockmeyer [47], Karp [62 ]^ Aho et al [l]. 

Definition 1.3.29 . By a list ...,3^) we mean a set of 

n-nonnegative integers in a nondecreasing order. 

Ihe end of a proof is denoted by M • 


CHAPTER 2 


SCORE SEQUENCES OF TOURNAMENTS 


In this chapter we study scxne prcperties of the score 
sequences of touimaments. Our main emphasis is on strong, 
simple, self- converse, self-converse and simple score sequences. 
The concepts of near-simple and nearly-simple score sequences 
have been introduced and some results are obtained. Recurrence 
relations to evaluate the nxraber of self-converse and simple 
score sequences, near-simple score sequences, nearly-simple 
score sequences, self— converse and near- simple and nearly- 
simple score sequences of order n are reported, 

2.1 SCORE SEQUENCES OF TOURNAMENTS AND IHEIR STRONG 
CgyiPONEHTS 

Let T = (V, E) be a tournament with vertex set 

V = {Vj^,V 2 ,...,v^} , If |V| = n, then we call the tournament 

an n- tournament and the order of the toumamoat is n, Ihe 

score structure or score sequence, denoted by S, of a 

tournament T is formed !by listing the scores of the vertices 

of T in a nondecreasing order. Clearly a score sequence 

of an n-toumament is a set of n nonnegative integers not 

exceeding n-l .There a3re(2n-l) vectors or lists { 

'^n-l 

of nonnegative integers in nondecreasing order with x^ ^ n-l 
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for 1 < i < n. But every list is not a score sequence as 
(0,1,1) is not a score sequence. Though (0,1,2) is a 
score sequence. We denote by S = score 

sequence of an n-tournament T, 

Definition 2«1«1 » A score sequence S = ( 5 ^, 3 ^, . . ,,s^) is 
said to be realizable by a tournament T if there exists 
a tournament T with V(T) = { v^,V 2 , . . .,v^} such that 
s. = s(v,) for 1 < i < n. Such a T is known as relisation of S, 
A score sequence S = (s^^s^, ...,s^) is called a score sequence 
of order n. A score sequence S is regular if s^ = ,»=s^ 

and near-regular if the maximxam difference between its scores 
is one, A natural question is, "what collection of 
n-nonnegative integers, not exceeding n- 1 , forms a score 
sequence?". This question was settled by Landau [to] . 

Landau's proof included a reduction step which also provides 
an algorithm for getting a tournament with the given score list, 

'Iheorem 2,1,1 [vo]. Let S be a nondecreasing list of n 
nonnegative integers not exceeding n -1 ,and let S = (Sj^,Sj,,,, /S^^) . 
Let be obtained from S by deleting one entry s^^ and 

reducing n-l-s^^ largest entries of S by 1, Then S is a 
score sequence iff is. 

We explain the reduction technique with the help of an 
example given below. The tournament obtained in this way is 

*r \ 

known as a canonical tournament and is denoted by T (S), 
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Example Let S = (l,2/2/2/4,4) * Here in each step 

we delete the final i.e, the last entry and maintain the 
nondecreasing property while reducing entries. We get the 
following. 


S = (1,2, 2, 2/4, 4) 

( 1 , 2 , 2 , 2 , 3 ) 

^2“ (1,1, 2, 2) 

8 ^= ( 1 , 1 , 1 ) 

S^= (0,1) 

3^= CO) 

'X- 

The canonical tournament T (S) is described by the 
following adjacency relation* 


T''(S) : 

v^CVi.v^Jj v^Cv^.Vj.v^.Vg)! 




In Theorem 2*1*1 it is a must to reduce the largest 
entries of S, Otherwise need not be a score seguencc* 

For if S = (1,1, 1,4, 4, 4) and be obtained frcrni S by 

deleting the last entry and reducing the first oatry by 1, 
then = (0,1, 1,4, 4) ijhich is not a score sequence. 

Now we state Landau's existence criterion, This is a 
nonconstructive criterion and it simply shows whether a given 
set of n nonnegative integers not exceeding n-1 forms a 
score sequence or not. 
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Theorein 2»1»2 r70l« A nondecreasing list of n nonnegative 
integers (s^^z ®2’'***'®n^ score sequence of a tournament 

iff for 1 < k < n 

^ 1 

^ ®-3 ^ o' ^ Ck-l)z with equality for k=n 

i=l 


Definition 2«1«2 « A score sequence S is said to be strong 
if all the tournaments T with score sequence S are strong. 
Theorem 2.1 *2 induces a result to find which score sequences 
are strong. 

Corollary 2.1.1 [to]. A nondecreasing list of nonnegative 
integers ( s^zS^/ . . . zS^) is a strong score sequence iff for 
1 < k < n-1 

k n 

s S . > i k (k-1) and E s = i n (n-l) (2.1.2) 

i=l i=l ^ 2 

Beineke and Eggleton (unpublished) have ind^endently 
shown that in applying Theorem 2.1.2 and Corollary 2.1.1z one 
needs only to check the inequality in equations (2. 1.1) and 
(2.1.2) for those values of k for which s^, < (and 

of course the final inequality) . 

Let T be a tournament with score sequence S. The 
strong components of S are the score sequences of the strong 
component of T. The following result gives all the strong 

components of T. This result is an extension of Theorem 11,13 

[ 53 ]. For further details we refer to [ 4 ] . 
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^.gprem 2 » 1 » 3 [4]« Let T be an n— tournament and 
S = score sequence of T, Suppose 

P 1 

2 s = -p. (p-1) (2.1.3) 

i=l ^ 2 

q 1 

^ S,* = ^q* (q-l) (2.1.4) 

i=l ^ 2 

k 1 

and E s. > “k.(k-l)y for p+l<k<q-l (2.1.5) 

i=l ^ 

where 0£p'^q£n, 

Then the subtoumament induced by the vertices 
is a strong component of T with score 
sequence • 

The above theorem shows that the strong components of 
S are determined by the successive Vcilues of k for which 

^ 1 

E s = f k (k-1), 1 < k < n (2.1.6) 

i=l ^ ^ - - 

As an illustration we consider the following 
example. 

Example 2.1.2 . Let S = (l/1^2,2/5/^5#6,6^9,9,9). We note that the 
equation (2.1.6) is satisfied for k=4,8*ll, Ihus the strong cot^ 
nents of S are, in ascending order, (1 ,1,2,2 )a( 1, 1,2,2) and (1A,1). 

Definition 2.1.3 . Let = ^®ll'®12" " 

=^s 21'®22' ’ ^ score sequences of ordsr m (and n 
respectively* We define 
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'"+=21' '"+=2 2'-"'”+=2n>- 

Clearly S^+S^ is a score sequence of order m+n. 

The plus operation defined above is not commutative but it 
is associative. 

Let S s= (s^,s , ...ys^) be a score sequence of order n 

and let ***'^]c strong components of S obtained 

from Theoran 2.1.3. The strong components S 1 /S 2 # • • *# 33 ^ 

can be arranged in an ordered sequence such 

that S = S + S + , , , + S , 

12 Ic 

Such a decomposition is known as the strong component 
decomposition of S, 

Defini tion 2.1.4 . Let T^, T^f , , ^ fT^ be the tournaments 
with disjoint vertex sets. Then T = [t^, ^2'***'^k 3 
denote the tournament obtained from the T^, 1 < i < k, by 
joining every vertex of T^ to all vertices of T^ with 
1 < i < j < k. 

We know that the condensation of any tournament T is 
transitive order [53, pp. 297-298 ] , [82, p. 2 ] . Hence 
strong components '**'^k ^ tournament T can be 

arranged in an ordered sequence T^, ^2'***‘'^k that 

“ [t^,T2,..., Tj^ ] , 

Such decomposition is known as the strong component 
decomposition of T. 
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We observe that there are (2n-l) lists of non- 

n~l 

negative integers not exceeding n— but all of them are not 
score sequences* The number t(n) of different score 
sequences of order n can be obtained by a recursive 
technique of Narayna and Bent [ 85 ] • Also we refer to 
Moon [82/ p* 67 ] * But no explicit formula has yet been 
reported. Below we list for some values of n, the number of 
score sequences of order n, 

n=l23456 7 8 9 10 

t(n)= 1 1 2 4 9 22 59 167 490 1486 

Table 2.1*1 

We arrange all the t(n) score sequences of order n 
in a particular manner so that every score sequence is 
assigned a unique label or a unique position by which it 
will be recognised. This arrangement is explained below* 

Definition 2 *1 *5 » Let X = (xj^,x^/ ,../3^) and 
Y = (y^^/y^/ • • ./y^^) be two different nondecreasing lists of 
nonnegative integers. We say that X precedes Y, denoted 
by X iff Xj^ < y^ and Xj|^ = yj|^ for i = l/2/**./lc-l 

for some k/ 1 < k < n. 

Example 2*1*3 . Let X = (1,1,1, 3/4) and Y = (1,1, 2,2/4) , 

In this case X < Y, 

P 

A list X is the immediate predecessor of a list Y 

if there exists no Z » (Z, ,Z_,,,,,Z^) such that X < Z < < Y. 

i 2 n p p 

Such an ordering of lists is known as antilexicographic 
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ordering* We arrange all the t(n) score sequences of order 
n in antilexicographic order and assign labels l/2#..«/t(n) 
to the score sequences. Such a collection is denoted by 
T(n). Example 2.1*4 represents all the 9 score sequences 
of order 5 arranged in antilexicographic order. 

Example 2.1.4. Let 0(T) =5 


Sequence Nxmber 
1 
2 

3 

4 

5 

6 

7 

8 
9 


Score Sequence 
(0,1,2, 3,4) 
( 0 , 1 , 3 , 3 , 3 ) 
(0,2,2,2,4) 
(0,2,2,3,3) 

(1.1. 1.3.4) 

(1.1. 2. 2 .4) 

(1.1. 2. 3.3) 

( 1 . 2 . 2 . 2 . 3 ) 

( 2 , 2 , 2 , 2 , 2 ) 


The third score sequence of order 5 is (0,2, 2, 2, 4) 
while the 7th score sequence of order 5 is (1,1, 2, 3, 3). 

Let S = (s^,s^, .,,,s^) be the score sequence of a tournament 
T, Then S'=s (n-l-s^, , . .,n-l— s^) is the score sequence of T', 
the converse of T, 


Now we establish some results. 

Theorem 2.1.4 . Let S^ = (Sj^,S 2 ,*..,Sj^) and 

= (O, s^+l,...,s^+l) » S^ is the mth score sequence of 
T(n) iff S^ is the rath score sequence of t(n+l). 
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Proof . Let be a realisation of 'Itien = [k, ^ 

where K is a tournament of order 1, is a realisation of S^. 
This shows that is a score sequence when is a score 

sequence. Let T be a realisation of S^* We can write 
T = ['^^^#'^2 ^ ' where T^ is a tournament of order 1. Clearly 
T^ is a realisation of This shows that is a score 

sequence when is a score sequence. The unique corres- 

pondence shows that both are occupying the same position, l 1 

Let denote the n'umber of score sequences of 

order n having score k at least once, for O < k < n-1. 

The following results are of much interest, 

Theorgn 2,1,5 , ® ^ — n-1. 

Proof , This is equivalent to proving that whenever 

S IS (s^^s^, is a score sequence then 

S' =r (n-l-s^j. . , n-l-s^) is also a score sequence. But 

this always happens since S is the score sequence of a tournament 

T iff S'' is the score sequence of tournament T' , [} 

Theorem 2,1,6, t (n) = t(n-l), 

o 

Proof 1 , Let S^= be the last i,e, 

t{n-l) score sequence of order n-1. By Iheorem 2,1*4# 

+• 1 *^ 

= (0#s^+l#,.,/S^_^+l) is ■t±ie t(n-l) score sequence of 
order n. Now we show that 'there does not exist any score 
sequence = (t^^# ^3 ^ ^2 idiat = 0 

and <p S^, Suppose -that -there exists one S^, iSien by 
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Theoraii 2 •1.4, = (t^— 1# is a score sequence of 

order n-1 and S < S , But this is not possible as 

i P tr 

is the last score sequence of T(n-l), Thus is 

the last score sequence of xCn) in which the first entry 
is zero. Hence = t(n-l),ii 

Proof. 2 . Let S = ( s^^ . . .yS^^) be a score sequence of 
order n with the strong component decomposition 
S = S^+ 3^+ ... + S^.. We are interested in those score 
sequences S of order n such that S^:=(0), Deletion of 
the entry corresponding to this trivial component leaves the 
order of the score sec^ence as n-1. Thus there are t(n— 1) 
score sequences of order n for vhich = (o). Hence 
t^(n) = t(n-l) . I 1 

Corollary 2.1*2 . t^_^(n) = t(n-l) . 

Proof. By Theorem 2.1.5. t - (n) = t (n) and hence by the nreyi: 

n— 1 o 

result =t(n-l).n 

The significance of Theorem 2.1.6 and Corollary 2.1.2 
is that there are t(n-l) score sequences out of t(n) score 
sequences in T (n) having either receivers or transmitters. 

Let r^(n) denote the number of score sequences of 
order n^ which are having receivers and transmitters both. 

We prove the following result. 

Theorem 2.1.7 . t^^(n) = t(n-2) 


Proof 1 . In xCn-l) out of t(n— 1) score sequaaces we have 
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t.(n-2) score sequences which are having transmitters by 
corollary 2*1 •2* In T(n) first t(n-l) score sequences 
are having receivers by Theoron 2.1 *6, Out of these t(n-l) 
score sequences having receivers, only t(n“2) score sequences 
are having transmitters. Ihus t^(n) = t(n-2)»ll 

Proof 2 « Let S = ( s^, s^ , . . ,,s^) be a score sequence of 
order n with the strong component decomposition S = S^^-f . . .+3^^, 
We are interested in those score sequences S of order n such 
that = (O) and = (O), Deletion of these entries 

leaves the order of the score sequences as n— 2* Thus there 
are t(n-2) score sequences of order n such that S^=S^={0). 
Hence t^^Cn) =t(n-2).n 

Thus in the light of the above result we observe that 
there are only t(n-2) score sequences of order n, which have 
receivers and transmitters both. 

Let tt{n) denote the nxamber of strong score sequences 
of order n* A strong nontrivial tournament contains atleast 
three vertices and so a nontrivial strong score sequence must 
have order atleast three. No result is known which gives the 


values 

of 

tt(n) 

for 

all 

n > 3. 

Table 2.1.2 

lists the 


values 

of 

tt(n) 

for 

some values of 

n. This may help to 

get 

a formula 

to 

evaluate 

the 

values of 

tt(n) for 

different 


values 

Of 

n. 








n 

r: 

3 

4 

5 

6 

7 8 

9 lO 

11 

12 

tt{n) 

r: 

1 

1 

3 

7 

21 61 

184 573 

1835 ! 

5969 


Table 2.1,2 
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2*2 SIMPLE SCORE SEQUENCES 

A score sequence S = (s^^s^,.,.^s^) is said to be 
simple if all the tournaments having this score sequence are 
isomorphic to each other. Thus a simple score sequence 
belongs to exactly one tournament. All the score sequences 
of order upto 4 are simple. (1,1^2, 3, 3) and (1,2, 2,2^3) are 
the only two score sequences of order 5 which are not simple. 

We know that there are two non- isomorphic tournaments with the 
score sequence (1/1,2/ 3, 3) and three nonisomorphic tournaments 
with the score sequence (1,2,2/ 2, 3). Avery [4] has characterised 
the simple score sequences. 

Lemma 2.2.1 [4], A score sequence S is simple iff every 
strong component of S is simple. 

This lemma shows that one has to only characterise the 
simple strong score sequences. This characterisation is 
obtained by the following result. 

Theorem 2.2.1 [4] A strong score sequence S is simple iff 
it is one of (O), (1,1,1), (l,l, 2 , 2 )and (2, 2, 2, 2, 2). 

Combining lemma 2.2.1 and 'Hieorem 2.2.1 , we 
observe that a score sequence S is simple iff each of its 
strong components is one of (O), (1,1,1), (1,1, 2, 2) and 

(2, 2, 2,2, 2) . 


Example 2.2.1 . Let S = (1,1,1,4,4,5,5,7.10,10,10,10,10). 

The strong components of S are (1,1,1), (1,1, 2, 2), (O) and 
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(2/2/2, 2/2)* therefore S is simple. But S=(l ,1^4,4,5,6/6) 
is not simple as one of its strong components (1,1,2, 3, 3) is not 
simple. 

Let s(n) denote the nimber of simple score sequences 
of order n, Avery [ 4 ] gave a recurrence relation to evaluate 
2,2,1 lists for scsne values of n/ the number of 
simple score sequences of order n, 

^ = 12345 6 7 3 9 10 

s(n) = 1 1 2 4 7 11 18 31 53 89 

Table 2,2*1 

Now we establish some results of simple score sequences* 

Theorem 2*2*2 , A score sequence S is simple iff S' is 
simple. 

Proof, Let S be sample and suppose that S' is not simple. 

Let T^ and T^ be the two non isomorphic tournaments with 
score sequence S', This shows that T| ^ S is 

the score sequence of T' and 1^. This contradicts the fact 

that S is simple. Hence our assumption that S' is not 
simple is wrong. Similarly the converse can also be established.] 

Let Sj,(n) for 0 < k < n—l, denote the number of simple 
score sequences of order n having score k atleast once, Hie 
following results are of much interest* 

Theorem 2*2*3, Let S^ = ^^l'®2' 

(0/Sj^+l,,.,,s^+l) , S^ is simple iff S^ is simple* 
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Proof 1 , The strong components of in ascending order^ 

are (O) and the strong components of , Thus is 

simple iff is simple. il 

Proof 2 « Let be the realisation of the simple score 

sequence S^, Let T^ = [k^,T^J where is a tournament 

of order 1, Clearly is the realisation of S^. Hence 

is simple. Similarly converse can also be established, | | 

We have seen in Theorem 2,1,4 that = (s^^^s^^ . . ,/S^) 
is the m^ score sequence in T(n) iff 3^= (0,s^+l, . .,/S^+l‘) 

4“V» 

is the m score sequence in iCn+l), Thus by Theoren 2,2,3 
til 

if the m score sequence of order n is simple then all the 
til 

m^ score sequences of order greater than n are also simple. 
Thus we can say that the positions of simple score sequences 
are well behaved. 

Theorem 2,2,4 , ® ^ £ n-1. 

Proof, This result is equivalent to showing that if S is 
simple then S' is also simple, ^is follows from 

Theorem 2, 2. 2, 1 1 

Theorem 2,2,5. s_(n) = s(n-l), 

o 

Proof 1 , Let S = ^ s^/ ...<rS^__j^) be the last i,e, 
s(n-l)th simple score sequence of o 2 ?der n-1 (i,e, there does 
not exist any other simple score sequence of order n-1 

such that S and S ^ S^), By Hieorem 2,2 ,3, 

= (0,Sj^+l^...,s^+l) is also simple and its position is 
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s(n-l)th in t Cn) by Theorem 2.1.4. Now we show that there 
does not exist any other simple score sequence S^= (xj^,..., 3 ^) 
such that O and and A On the 

contrary if such an exists, then = (x^-lx.-./X^-l) 

is a simple score sequence in T(n-l) and S S^, This is 
a contradiction to the fact that S is the last simple score 
sequence in T(n-l), Hence is the last simple score 

sequence in rCn) such that its first entry is zero. So 
s^(n) = s(n-l ) . 1 I 

Proof 2 . Let S = ( s^, s^, . . ., s^) be a simple score sequence 
of order n with the strong component decomposition S=S^+, , 
Clearly each is simple. We are interested in those 

simple score sequences S of order n for which S^=s (o). 
Deletion of this entry reduces the order of the score sequence 
to n-1 . Thus there are s(n— 1) simple score sequences of 
order n such that S^= (O), Hence s^(n) = s(n-l).ll 

Corollary 2.2.1 . “ s(n-l). 

Proof . Theorem 2.2.4 but 

s^(n) = s(n-l) by Theorem 2.2.5. Hence the reaailt.l I 

Therefore there are s(n-l) simple score sequences of 
order n which are having either receivers or transmitters. 

Let s^(n) denote the number of simple score sequences 
of order n having receivers and transmitters both. Now we 
have the following result. 
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Theorem 2.2 <>6 . “ s(n-2) . 

Proof 1 « In '^(n— l) there are s(n— 2) simple score 
sequences which are having transmitters by Corollary 2.2.1. 

In T(n) the first t(n— 1) score sequences are having 
receivers by Theorem 2.1.6, Out of these t(n—l) score 
sequences in T(n) having receivers# s(n— 1) are simple. 

Thus there are s(n— 2 ) simple score sequences of order n 
having receivers and transmitters both, Bierefore 
Srt^ri) = s(n-2) • I 1 

Proof 2 . Let S = (s^^s^# be a simple score sequence 

of order n with the strong ccxnponent decomposition 
^ = 6^+...+ Sj,, Each is sample. We are interested in 

those simple score sequences S of order n such that S^=s(o) 
~ • Deletion of the entries corresponding to 

these trivial components leaves the order of the score 
sequence as n-2-Thus there are s(n-2) simple score sequences 
of order n such that = (o). Hence S^(n)=s(n-2) . 1 1 

This result exhibits that there are only s(n— 2 ) simple 
score sequences of order n which are having areceivers and 
transmitters both. 

We know that a simple score sequence belongs to exactly 
one tournament. A natural question is, ^'what is the number 
of nonisomorphic tournaments having a score sequence S which 
is not simple?" Let S = +...+S^ be the strong 
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component decomposition of S. Let n^ be the ntimber of 
nonisomorphic strong tournaments with the strong score 
sequence for i = 1^2/ •••/Ic, The following result 

partially answers the question raised above. Let N be the 
number of nonisomorphic tournaments with the score sequence S, 

We have the following result, 

k 

g^ieorem 2,2,7 . N = - 17 - n.. 

i=l ^ 

Pro2f« proof is by math ana tical induction on k. If 

k = 1 then the result is true. If s is simple then each 
of its strong components is also sample i.e, = 1 for 

^ ^ In this case N = 1 and hence the result is 

true. Let the result be true for k = m-1. Let 

strong components of S. Each tournament 

with the strong components is combined with 

^m toumaments with score sequence S^. Thus the nxomber of 

tournaments with strong car^ponents S, .,-5 eouals 

in m — 1 m ^ 

TT n , 
i=l ^ 

Below, we state some remarks which can be easily established 
by using computer. The programme and the out puts are 
available with the author. 

Remark 2 , 2 ,1 , Consider tCn) , The score sequences 

1 to 6 for n > 5^ 9 to 12 and 20 ^^ for n _> 6 > 23 to 28 and 

'tJln 

49 for n > 7> 60 to 65# 68 to 72 and 130 to 131 for n > 8 
and so on# are simple. 
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Remark 2»2»2 « Consider T(n+l) . Uie score sequences 
t.(n)+l to t(n )+6 for n > 65 t(n)+9 to t(n)+l2 for 
n > 7j t(n) + 20^^ and t(n) + 23 to t(n) + 28 for n > 8 
are simple, 

Renark 2,2,3 , There are no three consecutive simple score 

sequences in xCn), That is uo say if m-lth, mth and m+lth 
are three consecutive score sequences in T(n), then they are 
not simple unless m-2th or m+2th is simple. 

til, 

Renark 2,2,4 . If m-2/ m— 1, m, m+1, m+2 are the only five 
consecutive simple score sequences (i,e, m— 3rd and m+3rd score 
sequences are not simple) ^ then m+62th and m+63rd are the 
only two consecutive simple score sequences (i,e, m+61th and 
m+64th score sequences are not simple) which are the immediate 
successors of the given simple score sequences. 

We observe that the score sequences 68 to 72th of order 8 
are simple and the Immediate successors are the simple score 
sequences 130 and 131, 

Remark 2,2,5 , If m and m+1 are the only two consecutive 
simple score sequences in xCn)/ then m+38 to m+43 are 
the simple score sequences which are the immediate successors. 

Now we state a conjecture 

Conjecture 2,2,1 » For O < k < n~l# 

s^(n) = s^{n-l) + s^(n-3) + s^(n-4) + s^(n-5) 


( 2 . 2 . 1 ) 
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where s^(n) =0 if k > n 

s^(k+l) = sCk), s^(3) = 2^ s^C4) =3, =5. 

We observe that the conjecture is true for k = O as 
s^(n) = s(n-l) by Theorem 2,2.5. By Corollary 2.2.1# the 
conjecture is true for k = n~l , This gives a motivation 
that this conjecture seems to be true. However a general 
proof has not yet been obtained. 

2,3 SELF-CONVERSE SCORE SEQUENCES 

A score sequence S = ^ ^ 2 # • « is said to be 
self-converse if all the tournaments T having the score 
soquence»Sare self-converse i.e, T = T' , If S=(s^,S 2 i .,,,s^) 
is the score sequence of a tournament T, then S'^ the score 
sequence of T', is S' = (n-l-s^, . . . ,n-l-Sj_ ) . We note that 
all the score sequences of order fewer than four are self- 
converse, The score sequence (0^2# 2 #2) of order four is 
not self— converse. We also observe that all the strong 

score sequences upto order 5 are self-converse, S=s(l^l,3/3,3,4) 
is a strong score sequence of order six but is not self-convers< 

%)lett t39] has characterised the self— converse score 
sequences, 

Theorgn 2.3,1 [39] • A score sequence S = (s^^, 
is self— converse iff 

s.+s .. . = n-1 for 1 < i < n 

1 n+1— r — -- 


(2.3.1) 
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This theorem is equivalent to saying that S is self-converse 
iff S = S-'. One needs to verify equation (2.3.1) only for 
^ •• Every regular and near— regular score 

sequences are self- converse. 

Let S be a score sequence and S = S + S +..,+S, be 

12 K 

Its strong component decomposition. Then S'= S'+S/ .+..,+S' 
will be the strong component decomposition of S^, Thus S 
is self-converse iff 

h = I £ i i (2.3.2) 

We had observed that all the strong score sequences of 
order upto 5 are self-converse. Thus upto order 11^ if a score 
sequence is self-converse, then each of its strong components is 
also self-converse. But for order 12^ we have 
^ “ (1/1/3/3^3/4,7/8^8/8/10/10) which is self— converse hut 
its strong components (1/1/3/3/3/4) and (l/2/2/2/4,4) are 
not self— converse. All the strong components of a score 
sequence S may be self— converse but it does not guarentee 
that S is also self-converse. We take S = (0/2/2/2)/ 

both the strong components (O) and (1,1/1) are self-converse, 
but S is not self-converse. 

Now we present techniques v^ich give rise to self— converse 
score sequences. 

Theorem 2*3,2 . Let S = (s^/S^, . • ./S^) be a score sequence. 
Then S+S' is a self— converse score sequence. 
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Proof 1 . We get S' = (n-l-s^^ .. .,n-l-s^ ) , Hence 
S + S' = 2n-l-s^,...,2n-l-S2, 2n-l-s^) 

where for 1 1 i < n and 

= 2 n-l-S 2 ^_i_^_^ for n-rl < i < 2n 
We note that x^+ = 2n-l for 1 < i < 2tk. 

Thus by Theorem 2.3.1, S + S' is self-converse. i | 

Proof 2 . Let S = S^+ S^+..,+ Sj, be the strong component 
deccxnpos ition of S, Then S*= S^+, , .+S'-i-S' , Thus 

^ "f ~ . .+s^+s^+. . .-tS^+S^ 

Therefore 

(S+S')' = (S^+S2+-«*+S3^+Sk+. *.+52+21)' 

= Sj^+S2+..-+Sk+5k+.*.+52+5i. 

As (sp'=r S^ for 1 < i < k. So we get 

(S + S')'s=r s + S'. Hence S + S' is self— converse. | | 

Theorem 2.3.3 , Let S = (si^s^, be a self— converse 

score sequence and S^ be any other score sequence. Then 
S^+S 4 S' is a self-converse score sequence. 

Proof 1 . Let Sj^ = (tj^, t^,..., 

^1 — ^m— 1— . . . ,m— 1— t^,in— 1— t^ ) . ^Hnus 

5^ 4* S + S£ ^ C tj^^ t 2 , . . 1^, m+s j , ,'m+s^ , 

2m+n-l-t^,.,.,2m+n-l-t^) (2.3.3) 
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- ^+n+l'-”'^ffl+n’ (2-3.4) 

where 

for 1 £ i < m, 

^+1 = “+=1 fer 1 < 1 < n, (2.J.5) 

=^+n+l = for 1 < i < m 

Now Xj + + ^+n+(„+i_j) 

= for 1 < j < m 

(from equation (2«3,5)) 

= 2m+n-.l for 1 < j < m (2.3.6) 

Also x^ + JCjm+n+l-j “ ^+(j-m) ■•■ ^m+(m+n+l- j ) 

= -" + =j.ni+ “ + =n,+n+i-j m+1 < j < m+n 

= 2Tn + s +s - V 

j-m n+l-(j-m) 

= 2m+n— 1 , as S is self— converse (2.3.7) 

From equations (2.3.6) and (2.3.7), we get that 
^1 ^ ^m+n-fl-j ~ 2in+n-l for 1 £ j < 2m4-n 

Hence by Theorem 2.3.1, S^+ S + s^', is self -convert e. l | 

Proof 2 . Let S'-'= S^+ s + S'. We note that 
S*‘= (s^-i- S -I- S£)'= (S')' + s' + s{ 

= S^+ S' + S' ^ 
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but S' is self-converse and hence S' = S, Therefore 
^ ~ = S'' i,e» S* is self— converse*! j 

Let ts(n) and tts(n) denote the number of self-converse 
score sequences and the number of self-converse strong score 
sequences of order n respectively. Table 2.3.1 lists the 
values of ts(n) for some values of n. 

^=123456 7 8 9 10 11 

ts(n) = 1 1 2 2 5 6 15 19 48 46 161 

Table 2.3*1 

An exact formula to -evaluate ts(n) has not yet been 
reported. 

Table 2.3.2 lists the values of tts(n) for scxne values 

of n, 

n=3456789 l 0 11 
tts(n)= 1 1 3 3 9 11 30 39 103 

Table 2.3,2 

Let tSj,(n)/ ^ £ n-1 and tts^(n),^ 1 < k < n-2 

denote the number of self-converse and self-converse strong 
score sequences respectively, of order n, having the score 
k atleast once. 

The following results follow inroediately from Theorem 2,3.1, 
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.2 .3 >4 , ts^(n) = ° ^ ^ n~l. 

^e^rem 2.3,5. tts^^Cn) = tts^_^^^(n) for 1 < k < n- 2 . 

We conclude this section with the following result. 
Theorem 2.3.6 . ts^(n) = ts(n-2) . 

Proof. Let S = ( s^^s^, .. ,,s^) be a self-converse score 

sequence of order n. Let the strong component decomposition 

of S be S = + ... + S^. Hence S'= S'+. . .+S'+Sj . 

S being self-converse^ we have S = s' iff s' = s fni- 

X k+l-i 

1 < i < k. We are interested in those self-converse score 
sequences for which S^= (o). if s^= (o), then 

S' = (0) s= S^, The deletion of the vertices corresponding 
to the trivial components S^ and S^ reduces the order of 
the tournament to n-2. Thus there are ts(n-2) self-converse 
score sequences such that S^ = (o). Therefore 
ts^(n) = ts(n-2) . 1 I 

The following corollary follows from Theorems 2.3.4 
and 2*3.6, 

Corollary 2*3*1 . ts^^j^(n) = ts(n-2) . 

Theorem 2*3.6 and Corollary 2.3,1 show that there 
ts(n-2) self-converse score sequences which are having 
X'eceivears and transmitteirs ♦ 


are 
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2.4 SELF-CONVERSE SIMPLE SCORE SEQUENCES 


A score sequence S which is both self— converse and 
simple will be called a self-converse simple score sequence. 

In this section, we study the self— converse simple score 
sequences, S s= (0,1 ,2/^ . • ./n- 1) is a self— converse simple 
score sequence. The following lemma can be easxly established. 

Lemma 2 ._4 ,1 , A score sequence S is self-converse and simple 
it is self— converse and each of its strong components is 
simple. 


Let ss{n) denote the number of self-converse simple 
score sequences of order n, and ss^(n) for 0 < k < n-1, 
denote the ntimber of self-converse simple score sequences of 
order n having score k atleast once. Below, we establish 
a recurrence relation which can be used to evaluate ss(n) 
for all values of n. 


theorem 2.4,1 . ss(n) = ss(n-2) + ss(n-6) + ss(n-8) + ss(n-lO) 

(2.4.1) 


where ss(k) = O if k < 0, 

ss(0) = ss(l) = ss(2) = 1 , ss(3) = ss(4) = 2 and ss(5) 3. 


Proof. By the lemma 2.4,1, S is self-converse simple iff S 
is self-converse and each strong ccanponent of S is simple. 
Let h(k) denote the number of strong simple score sequeaices 
of order k. Let S = S^+ ^2'*"***'*^k strong corapon^t 
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decomposition of S, Then S* = S^+,,,+S 2 +^{ "th® strong 

component decomposition of S'. As S is self- converse, 

S = S' i.e, for 1 < i < k. Hence 

. r ^/2] 

ss(n) = E h(k) ss(n-?k) (?.4.2) 

k=l 

where ss(k) =0 if k< 0 , ss( 0 ) =ss(l) =ss(o) = 1 , 
ss(3) = ss(4) = 9 and ss(5) = 3, But (O), (1,1,1), (1,1, 2, 2) 
and ( 2 / 2 , 2 , 2 / 2 ) are the only strong simple score sequences 
by Theorem 2,2.1, Thus h(l) = h( 3) = h(4) = h( 5 ) =s 1 and 
h(k) =0 for other values of k. Substituting these values 
of h(k) in equation (2.4.2), we get equation (2,4.1) which 
establishes the result . | 1 

Table 2,4,1 lists ss(n) for some values of n, 

n = l 2 345 6789 10 11 

ss(n)= 112233457 9 13 

Table 2,4,1 

The self-converse simple score sequences can be generated 
by the following results, 

Theorom 2,4,2 , If S is simple, then S 4 S' is a self- 
converse simple score sequence. 

Proof . S+S' is self-converse by Theorem 2,3,2. Since S 
is simple. S' is simple by the Theorem 2.2,2, The strxjng 
components of the score sequence S+S' are the strong 
components of S and S' , 


But S and S' being simple. 



39 


all the strong components of S and S' are simple. 

Thus each of the strong components of S+S' is also simple 
and hence S+S' is simple by lanma 2.2.1. Therefore S+S' 
is self-converse and simple, l l 

Theoren 2.4,3 . Let S be a self-converse simple score 
sequence and SA be any other simple score sequence. Then 
SA + S+SA' is a self-converse simple score sequence. 

Proof . SA+S+SA' IS self-converse by Theorem 2.3,3 , 

SA being sample, SA' is also simple by Theorsn 2.'’.?. The 
strong components of SA 4 S+SA' are the strong components 
of SA, S and SA'. As SA, S and SA' are all simple 
score sequences^ the strong components of SA, S and SA' 
are all simple by larana 2,2.1. Hence each of the strong 
components of SA+S 4 SA' is also simple. Therefore 
SA+S+SA' IS simple by lemma 2.2.1. Thus SA+S 4 SA' is a 
self-converse simple score sequence, | | 

The following result is of some interest. 

Theorem 2,4,4 . ss^(n) = ss^__j^_^(n) for n— 1, 

Proof . It is equivalent to showing that whenever 
S = (s^,s^, , , ,,s^) IS a self-converse simple score sequence, 
so is S', S' is simple by Theorem 2,2,2. S' is self- 
converse as (S')' = S = S', Therefore, S' is self- 
converse simple,! | 

Theorem 2,4,5 , ss^(n) = ss(n-2) . 
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Proof . Let S = ( , , . . , s^) be a self-converse and 
simple score sequence of order n. Clearly S' is also 
self-converse and simple. Let S = S^+. ..+S^ be the strong 
component decomposition of S, S being simple/ each 
is simple, S being self-converse i.e, S'= S and hence 
for f f 1 where S' = S^+. , ,4S'+S' . We 
are interested in those self-converse and simple score 
sequences S of order n such that = (o). Hence 

= S' = (0), By deleting the vertices corresponding to 
the rrivial components S^ and S^ the order of S is n— 2« 
Thus there are ss(n-9) self— converse and simple score 
sequences of order n such that S^=(0) , Hence 
ss^(n) = ss(n-2) . | | 

Following is an immediate consequence of Theorem 2,4,4 
and 2,4,5, 

Corollary 2,4,1 . ss^__^(n) = ss(n-2). 

Thus there are ss(n-2) self— converse simple score 
sequences of order n which are having receivers and 
transmitters both. 

Remark 2,4,1 . The first score sequence of t ( n) is always 
self-converse simple for n > 1. 

Remark 2,4,2 , In xCn+l)/ the t(n)+2nd score sequence for 
n > 5 is always self-converse simple. 

Remark 2,4.3 . In T:(n+2), the t{n) + 3rd score sequence is 
always self-convearse simple for n > 6, 
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^ -5 N EARLY-SIMPLE AND NEAR-SIMPLE SCORE SEQUENCES . 

Let S = ( / . . . / s^) be a score sequence of order n. 
Let SR be obtained from S by deleting one entry s^ and 
reducing n-l-s^ largest entries of S by 1, Theoran ?.1*1 
guarentees that SR is also a score sequence. We give scmie 
definitions. 

Definition 2.5.1 . A strong score sequence S is nearly— 
simple if SR^ obtained from S by deleting a particular 
entry of S, called a root, is simple, A score sequence S 
is said to be nearly-simple iff each of its strong components 
is nearly- sample. 

Definition 2.5.2 . A strong score sequence S is near-simple 
if SR, obtained from S by deleting any entry of S, is 
simple, A score seqfience S is said to be near-simple iff 
each of its strong components is near-simple. 

Clearly every simple score sequence is nearly-simple as 
well as near-simple. Every near-simple score sequence is 
nearly-simple but the converse need not be true. 

In this section first we characterise nearly- (near) 
simple strong score sequences v/hich are not simple and then 
we establish some more results, 

Iheorem 2,5,1 . A strong score sequence S is nearly-simple 
(but not simple) iff S is one of (1,1, 2, 3, 3), (1,2, 2, 2, 3), 
(2, 2, 2, 3, 3, 3) (any entry can be deleted), (1,2, 3, 3,3, 3) 
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(only first entiry can be deleted) 2, 3,4) (only last 
entry can be deleted) , 

Proof. Let S be (1,1,9, 3, 3) or (1,9, 9, 9 , 3). Then SR, 
obtained by deleting any entry, is (1,1,9,?) which is simple. 
Let S be (1 ,9, 3 , 3, 3, 3) , Then SR, obtained by deleting 
the first entry, is (9, 9, 9 , 9, 9 ) which is simple. Let S be 
(?,?,?, 2, 3, 4 ) Then SR, obtained by deleting the last entry, 
is (?,2,?,2,?) which is simple. If S is ( 2 , 2, 2, 3,3, 3) , 
then SR, obtained by deleting any entjry, is ( 2 , 9, 2 , 2, 2) which 
is simple. This proves one part. 

Conversely let SR be a strong simple score sequence. 

Then we have the following possibilities, 

( I ) SR is (O) or (1,1,1), In this case S has to be of 
order 2 and 4 respectively. But all the score sequences <£ order 
fewer than 5 are simple. Hence S has to be simple. Thus at 

can be neither (o) nor (1,1,1),. 

(II) SR is ( 1 , 1 , 2, 2 ). Then S is of order 5 and is strong 
but not simple. There are only two strong but not simple 
score sequences of order 5, namely (1,1,9, 3, 3) and (1,9, 2, 2 , 3). 
Deletion of any entry of (1,1, 9, 3, 3) or (1,2, 2, 2, 3) gives SR 
to be (1,1, 2, 2 ), Thus S can be (1,1,9, 3, 3) or (1,2, 2, 2, 3), 

(III) SR is ( 9 , 9 , 9 , 9 , 2 ). Then S is of order 6 and is strong 
but not simple. But the strong not simple score sequences 

of order 6 are (1, 1,2, 3, 4, 4) , (1,1,3, 3, 3,4) , (l,2,?,2,4,4) , 
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(1 f2,3, 3,4) , (1,2,3,3,3,3) , (? ,2 ,2 , 2 , 3, 4) and (2 , 9 , 7 , 3, 3, 3) . 
Only (1 / 9 , 3/ 3/ 3, 3) (deletion of first entry)/ (2, 2, 9, 9, 3,4) 
(deletion of last entry) and ( 9,9,2/ 3, 3/ 3) (deletion of any 
entry) give rise SR = (2,9,9, 9, 2 ). Thus S can be 
(1/2, 3, 3, 3, 3) or ( 2, 9,9 , 9 , 2, 3, 4) or (2,2,2, 3, 3, 3) . This 
completes the proof. l I 

From the above result, we have 

Corollary 2.5.1 . A score sequence S is nearly-simple iff 

each of its strong components is one of (O), (1,1,1), (1,1, 2, 2), 

(1,1, 2, 3, 3), (1,2, 2, 2, 3), (2, 2, 2, 2, 2), (1 , 2, 3, 3, 3, 3) , 

(2/2, 2/2 / 3 , 4 ) or ( 2 , 2, 2/3, 3, 3 ) . 

» 

We can check with the help of the above result whether 
a score sequence is nearly-simple or not. 

The proof of Theorem 2 .5 .1 leads to the following resxilt. 

Theorem 2.5.2 . A strong score sequence S is near-simple 
(but not simple) iff S is one of (1,1, 2,3, 3), (1,2, 2, 2,3) 
or (2/2/2/3,3,3) . 

Thus we obtain a result which enables us to check 
whether the given score sequence is near— simple or not. 

Corollary 2-5.2 - A score sequence S is near— simple iff 
each of its strong ccmponents is one of (0), (1,1,1), 

(1,1, 2/2)/ (1,1, 2, 3,3), (1/2, 2/2, 3), (2, 2, 2, 2, 2) or 
( 2 , 2 , 2/3, 3, 3 ) . 
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Let sr(n) (st(n)) denote the number of nearly- s±iiple 
(near-smple) score sequences of order n. We obtain some 
recurrence relations to evaluate the values of sr(n) and 
st(n) for all values of n, 

2.5.3. sr(n) = sr(n-l) + sr(n-3) + sr(n-4) 

+ 3sr(n-5) + 3sr(n-6) (?. 5 , 1 ) 

where sr(k) = 0 if k < 0 and sr(0) = l. 

Proof* Let h(k) denote the number of strong nearly-simple 

score sequences of order k, A score sequence S is nearly- 
simple iff each of its strong ccxnponent is nearly-simple. 

Thus sr(n) =2 h(k) sr(n-k) (p.5.2) 

where sr(k) =0 if k < 0 and sr(0) = 1. 

By the corollary 2.5.1, the strong nearly-simple score 
sequences are (0), (1,1,1), (1,1, 2,2), (2, 2, 2, 2,2), (1,1, 2, 3,3), 
(1,2, 2, 2, 3), (1 ,2, 3, 3, 3, 3) , ( 2, 2,2, 2, 3,4) and (2,2,2, 3, 3, 3) ■ 
Hius h(l) = h(3) = h(4) = 1, h(5) = h(6) = 3 and h(k) = 0 
fo^ other values of k« Substituting these values in 
equation (2.5.2), we get equation (2.5,1), This proves the 
result, I I 

Now we present a recurrence relation which can be used 
to evaluate st(n), the number of near-simple score sequences 
of order n. Hie proof is similar to the proof of Theoron 2«S*3 
and hence we omit it* 



45 


^eorero 2.5.4, st(n) = st(n-l) +st( n-3) + st(n-.4) + 3st(n-5) 

( 2 *5 • 3) 

where st(k) =0 if k < 0 and st(0) = 1. 

Table 2*5.1 lists the values of sr(n) and st(n) 
for sane values of n. 

^=1234567 8 9 

sr(n) = 1 1 2 4 9 18 30 52 97 

st(n) = 1 1 2 4 9 16 26 46 85 

Table 2.5*1 

Now,we establish some results for nearly— simple and 
neai>-simple score sequences, 

- 2 *5 *5 * Let = ( s^^ ^ s^ ^ , s^) be the m^^ nearly— 

simple ( near— simple) score sequence of order n* Then all 
th 

the m score sequences of order greater than n are nearly- 
simple (nea 2 >-s ample) , 

EJ£22^* , s^/ • * */ s^) is the m^^ score sequence 

of order n, then = (0,s^+l^ . . .,s^+l ) is the m"*^^ score 
sequence of order n+1 by the Theoran 2*1.4» The strong 
ccanponents of are {(0), strong components of . 

is a nearly— simple (near— simple) iff is nearly^ 
simple (near-simple) and this establishes the result, | i 

The above result shows that like simple score sequences 
the positions of nearly— simple (near- simple) score sequences 
in T(n) are also well behaved. 
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Now we prove a result v/hxch is an analogize of Theorem 
2.2 .2 but the technique of the proof is different. 

Theorem 2.5. 6 . A score sequence S is nearly-simple iff 
S' is nearly-simple. 

Proof . Let S be a nearly-simple score sequence and 
S = S^+S^+.,.+S^ be the strong component decomposition of S, 
Then 5'= S^+,.,+S'+S' is the strong component decomposition 

of S'. S being nearly-simple each strong component S^ 

of S is one of (O), (1,1,1), (1^1/2, 2), (2, 2, 2/2/2)# 

(1,1, 2/3, 3), (1/2/2/2/3), (1 , 2 , 3, 3, 3, 3) , ( 2/ 2 ,2, 2, 3, 4) or 
(2/2/2/3,3,3) , Except (1 , 2 , 3, 3, 3, 3) and (2/2/2/2, 3,4) , other 
nearly simple strong score sequences are self-converse. We 
observe that if SA = (l,2/3/3,3,3) / then SA'=(2/2/2/2/3/4) , 
Thus we note that the converse of a strong nearly-simple 
score sequence is also nearly-simple. Hence S is nearly- 
simple iff S' IS, II 

The above proof suggests one more proof of Theorem 2,2,2, 
Similarly we can prove the following result. 

Corollary 2.5,3 , A score sequence S is neaao-simple iff 
S' is near-simple. 

Let sr^( n) / 0 < Ic < n-1 , denote the nxjmber of nearly- 
simple score sequences of order n having the score 3c atleast 
once. 

Theorem 2,5,7 . srj^(h) = ° ^ 1 n-1. 
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Proof , This is equivalent to showing that whenever S is 
a nearly-simple score sequence then S' is also a nearly- 
simple score sequence. This follows from Theorem 2.5.6,11 

Let st^(n) denote the nxmber of near-simple score 

sequences of order n having score k atleast once for 

0 ^ ^ £ n-1. Similar to Theoron 2.5.7 we obtain the 
following result. 


Corollary 2.5,4 . stj^(n) = k^^^ 0<k<n,-l, 

Theorani 2.5.8, sr (n) = sr(n-l) and st_(n) = st(n-l), 
o o 

Proof . The proof is similar to that of 

Theorem 2 .9 ,5 . I 1 

The following corollary can easily be proved. 

Corollary 2.5.5 . sr^_j^(n) = sr(n-l) and st^_j^(n) = st(n-l). 

Thus there are sr(n-l) nearly-simple and st(n-l) 
near- simple score sequences of order n vhich are having 
receivers or transmitters. 

Let sr^^(n) and st^^(n) denote the number of nearly- 
simple and near- simple score sequences of order n having both 
receivers and transmitters respectively. The following 

result can easily be established like Theoren 2 *2 *6.. 

Theorem 2.5.9 . sr^^(n) = sr(n-2) and st^(n) = st(n-2) . 
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This shows that there are only srin~7) nearly-s ample 
and st(n- 7 ) near-simple score sequences of order n 
having receivers and transmitters both. 

We know that a sunple score sequence belongs to exactly 
one tournament, A nearly— simple and a near-simple score 
sequence may belong to more than one nonisomorphic tournaments, 
A natural question is^ ' 'how many nonisomorphic tournaments 
are there v/ith a near- simple or nearly-s ample score 
sequence S?'' We answer this question partially here. We 
discuss the problom • how many nonisomorphic tournaments 
are there with a strong nearly— simple score sequence S, 

having T^''(SR) as its subtoumament where SR is the simple 
score sequence obtained from S by deleting one entiry? 

If S is one of (0), (1,1,1)^ (1^1,2,?) or (2, 2/?,?, 2)^ 
then there is only one tournament with score sequence S 
having T (SR) as its subtournament. Regarding the other 
strong nearly-simple score sequences, we discuss them one 
by one, 

( I) S is (1,1, 2, 3, 3). Then SR = (1,1, 2, 2) obtained by 
deleting any entry of S, T'"'(SR) is as given below by its 
adjacencies. Here we are taking the vertex set to bd 

T‘(SR) =1(3); 2(1); 3(2,4); 4(1,2) 

The following are the only two non isomorphic tournaments with 
score sequence S having T'(SR) as its subtouraament. 



49 


1(3); 2(1); 3(2,4); 4(1, 2, 5 ); 5(1, 2, 3) 

1(3); 2(1); 3(2,4, 5); 4(1,2); 5(1, 2, 4). 

(II) S IS (1,2, 2 , 2 , 3), Then SR = (1,1, 2, 2), obtained by- 
deleting any entry of S, t (Sr) is the same as in case (l) 
There are only three nonisomorphic toiamaments -with the 
score seqoience S havxng T' (SR) as its subtoumament# 

\ : 1(3); 2 ( 1 , 5 ); 3(2,4); 4(1,2); 5 ( 1 , 3 , 4 ) 

T^ : 1 ( 3 , 5 ); 2 ( 1 ); 3 ( 2 , 4 ); 4(1,2); 5 ( 2 , 3 , 4 ) 

T^ : 1(3); 2(1,5); 3(2, 4, 5); 4(1,2); 5(1,4) 

(III) S is (1,2,3,3,3,3) . Then SR = (2, 2, 2, 2, 2) 
obtained by deleting first entry of S, T^'‘(SR) is as given 
below, 

T'''(SR) ! 1(3,5); 2 ( 1 , 5 ); 3 ( 2 , 4 ); 4(1,2); 5(3,4) 

There is only one tournament T^ with the score sequence S 
having T' (SR) as its sub-toumament, 

T^ : 1(3,5); 2 ( 1 , 5, 6); 3(2, 4, 6); 4(1, 2 , 6); 5(3, 4, 6); 6(1). 

This does not mean that there is only one tournament 
with the score sequence S, As 

T^ : 1(6); 2(1,3); 3(1, 4,5); 4(1, 2 , 5); 5(1, 2 , 6); 6 ( 2 , 3,4) 

is a tournament with -the score sequence S but T''‘(SR) is 
not a subtoumament of T^ and T^ ^ 

(IV) S is (2,2,2,2,3,4) . Then SR = ( 2 , 2, 2, 2, 2) obtained 
by deleting the last entry of S, (SR) is the same as 
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in the previous case(III^^ There is only one tournament 
Ti with score sequence S having r''(SR) as its subtournament, 

T^ ; 1(3,5); ?(1,5); 3(9,4); 4(1,2); 5(3, 4, 6); 6(1, 9, 3, 4) 

This does not mean that there is only one tournament T^ 
with the score sequence S. As 

T^ ; 1(2,6); 2(3,4); 3(1,4); 4(1,5); 5(1, 9, 3); 6(2, 3, 4, 5) 

IS a roumament with score sequence S but T"‘(SR) is not 

a subtoumament of T„ and T 2 T„ . 

2 2^1 

(IV) S IS (2,2 ,9, 3, 3, 3) , Then SR = (2, 9, 9, 2, 2) obtained 
by deleting any entry of S, T''(SR) is same as in case(III), 
There are only three non— isomorphic tournaments with score 
sequence S having 'if' (SR) as its subtoumament, 

T^ : 1(3,5); 2(1,5); 3(9,4); 4(1, 9, 6); 5(3, 4, 6); 6(1, 9, 3) 

T^ : 1(3,5); 2(1,5); 3(9, 4, 6); 4(1,2); 5(3, 4, 6); 6(1, 9, 4) 

T^ ; 1(3,5); 9(1, 5, 6); 3(9,4); 4(1, 2, 6); 5(3,4, 6); 6(1,3) 

2,6 SELF-CONVERSE NEARLY-SIMPLE AND NEAR-SIMPLE SCORE 
SEQUENCES 

A score sequence S is self-converse nearly-simple 
( neai>*simple) if it is self-converse and nearly-simple 
(near-simple). In this section, we study the self-converse 
nearly- sample and near— simple score sequences. Two recurr^Ks-e 
relations to evaluate the number of self- converse nearly 
simple and near— simple score sequences of order n are 
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Let ssr(n) (sst(n) ) denote the n-umber of self- 
converse nearly-sunple (near-simple) score sequences of order n 
and suppose ssr^(n) (sst^(n)) for 0 < k < n-1, denote 
the number of self-converse nearly-s ample (near-sample) 
score sequences of order n having the score k atleast 

once. First we establish a recurrence relation which can be 
used to evaluate ssr(n)* 


— — « 6 » 1 . ssr(n) = ssr(n-'?) + ssr(n-6) + ssr(n-8) 

+ 3ssr(n-l0) + 3ssr(n-l?) (2.6,1 

where ssr(k) =0 if k < O, ssr(O) = ssr(l) = ssr(2) = 1 , 
ssr( 3) = ssr(4) = 2/ ssr(5) = 5 and ssr(6) = 4, 


Proof, Let S be a self-converse nearly-simple score 

sequence of order n and S = S^+ S^+. be its strong 

component decomposition. Then S'= s'+. . .+S' +S' is the 

2 1 

strong component decomposition of s' As S is self-converse, S 
S' and hence for 1 < i < k. Let h(k) denote 

the number of strong nearly-simple score sequences of order k . 


Then 

/ V 

ssr(n) = E h(k) ssr(n-2k) 
k=l 

where ssr(k) =0 if k < O, 


( 2 . 6 . 2 ) 


ssr(O) = ssr(l) = ssr( 2 ) = 1, ssr(3) = ssr(4) = 2, 
ssr(5) = 5, and sar(6) = 4. 


In the proof of Theorem 2.5.3 we noted that h(l) = h(3) = 
h(4) = 1, h(5) = h(6) =3 and h(k) =0 for all other 
values of k. Substituting these values of h(k) in equation 
(2.6.2), we get the result, li 
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The following result can be similarly established. 

2 » 6 » 2 » sst(n) = sst(n— ?) + sst(n-6) + ssrCn— 3) 

+ 3sst(n-10) + sst(n-l2) ( 2 . 6 . 3 ) 

where sst(k) =0 if k < O, sst(O) = sst(l) = sst(2) = 1 , 
sst(3) = sst(4) = 2, sst(5) = 5, and sst(6) = 4, 

This result can be used to evaluate sst(n) for 
different values of n. 


Table 2.6.1 lists ssr(n) and sst(n) for seme values 

of n 


n = 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

ssr(n) = 

1 

1 

2 

2 

5 

4 

6 

6 

9 

12 

19 

24 

39 

sst(n) = 

1 

1 

2 

2' 

5 

4 

6 

6 

9 

12 

19 

22 

37 


Table 2.6.1 

Self— converse nearly— simple score sequences can be 
generated with the help of the following results, 

Theoreafn 2.6.3. If S is a nearly— simple score sequence^ then 
S+S' IS a self-converse nearly-simple score sequence. 

Proof, S+S' is self-converse by Theoraa 2.3,2. We have to 
only show that S+S' is nearly simple. By Hieorati 2.5,6 
S' is nearly simple as S is nearly-simple. The strong 
components of S 4 S' , in ascending order are the strong 
cemponents of S^ and the strong components 
of S' ^ in ascending order. But the strong components of 
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S and S* are nearly-simple. Hence the strong components 
of S+S' are also nearly-simple and thus S+S' is 
nearly-simple, i i 

Similarly the following result can also be established. 

Theorem 2*6,4 , If S is near-simple score sequence, then 
S+S' is a self-converse near-simple score sequence. 

Theorem 2«6,5 . Let S be a self-converse nearly-simple 
score sequence and SA be any other nearly-simple score 
sequence. Then SA+S+SA' is a self-converse nearly-simple 
score sequence. 

Proof , SA+S+SA' IS self-converse by Theorsn 2.3«2, Since 
SA IS nearly-simple, SA' is nearly-simple by Theorem 2.5.6. 
Thus all the strong components of SA+S^a' which are the 
strong components of SA, in ascending order and the strong 
components of S, in ascending order, and the strong components 
of SA', in ascending order are nearly-simple. Hence 
SA+S+SA' is nearly-simple, 1 I 

In the same way, we can prove the following result, 

Theorgn 2.6,6 . Let S be a self-converse near-simple score 
sequence and SA be any other neai-s ample score sequence, 
Hien SA+S+SA' is a self-converse near-simple score sequence. 

Theorem 2.6,7 . ssr^^Cn) = ssr^_j^_^(n) for 0 < k < n-1 . 

Proof. It is sufficient to show that vflienever S = 
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IS a self—converse^Hearly— Simple score sequence, then S' 
is also a self converse nearly— simple score sequence. S' 

IS nearly— Simple from Theorem 2,5,6 and it is self— converse 
as (s')' = S = S', This establishes the result, I | 

Similarly we can prove the following result, 

Theorem 2.6.8 . sst^(n) = sst^_^_^(n) for 0 < h < n-1 . 

We conclude this section with the following results, 
theorem 2,6,9 , ssr^(n) = ssr(n-2) and sst^(n) = sst(n— 2), 
Proof . The proof is similar to that of Theory 2*4,5 I 

The following is an immediate consequence of Theorems 
2.6,8 and 2,6.9, 

Corollary 2,6,1 . ssr^_^(n) = ssr(n-2) and 

sst^_^(n) = sst(n-2) , 

Thus we observe that there are ssr(n-2) (sst{n-2)) 
nearly-simple (near— simple) score sequences of order n 
which are having receivers and transmitters. 



CHAPTER 3 


TOURNAMENT ISCMORPHISM 

The graph isomorphism problem is to decide whether two 
given graphs are isomorphic or not. Many algorithms, based on 
graph invariants, have been reported e.g. [30,31,86], But no 
algorithm which mns in polynomial time for graph isomorphism 
IS known i,e, the problem is not known to be in P, Unlike many 
other combinatorial problems, graph isomorphism problem is not 
known to be NP-complete see [24,30,31,33,79,86], Thus the 
computational ccxnplexity of the graph isomorphism problem is 
still open* Due to this nature of the graph isomorphism problem, 
isomorphism of restricted families of graphs has been studied, 
Tbere are certain families of graphs for vAiich isomorphiOT is an 
easier task i.e, polynomial time algorithms have been obtained 
e.g, [5,21,56,58,59,71,72,76,77,95] • But for certain restricted 
families of graphs, isomorphism is polynomially time eguvalent to 
graph isomorphism i.e, the family of graphs is isomorphism 
complete e.g. [16,17,19,26,31,33,68], But tournament iscxnorphism 
problem is neither isomorphism complete nor a polynomial time 
algorithm is known. In this chapter, we study the tournament 
isomorphism problem. 

First we note that the tournament isomorphism problem is 
not isomorphism complete. We exihibit that the tournament 
isomorphism and neai>*regular tournament isomorphism are 
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polynomially time equivalent prtblans. We also show that the 
tournament isomorphism problau and strong tournament isomoirphism 
problem are polynomially time equivalent. In the last we discuss 
tournament isomorphism algorithm, 

3,1 ISOMORPHISM COMPLETEMESS OF TOURNAI-lEI;;rTS .Most of the proofs of 
isomorphism completeness transform an arbitrary graph G to a 
graph H which uniquely represents Gf where H is tne member of 
that family of graphs whose isomorphism completeness has to 
be proved. There are many well taiovjn techniques available. For 
details, we refer to [l9]. In all the reduction techniques the 
automorphism group of the resulting graph H contains the 
automorphism group of the input graph G as a subgroup i,e, 
automorphism group of a graph is preserved under the transformation 
of isomorphism completeness. No reduction technique is available 
which transforms an arbitrary graph to a tournament such that 
the resulting tournament uniquely represents the graph. We 
also know that the automorphism group of a graph may be isomorphic 
to a group of any order. But the order of the automorphism 
group of a tournament is always odd/ see [si]. This suggests 
that there can not exist any transformation, computable in 
polynomial time of the size of the input graph, which transforms 
an arbitrary graph to a tournament. Thus the isomorphism 
problon of tournaments can not be isomorphism complete. Due to 
the structure of the toumamaats and the fact that the Isomorphism 
problsn of tournaments is not isomorphism complete, it appears 



57 


that the isomorphism testing of tournament should be an easy 
task. This fact was earlier noted by Colboum et al [26] . 

3.2 TOURNAMENT ISOMORPHISM PR0BLII4 


In Section 3,1, we have observed that the tournament 
isomorphism problem is not isomorphism complete, Colboum et al 
[26] have shown that the isomorphism testing of tournaments and 
regular self-converse tournaments ( every regular tournament is 
self-converse) are polynomially time equivalent problems. First, 
we shov7 that isomorphism testing of tournaments and near-regular 
tournaments (a tournament is near-regular if the maximum 
difference between its scores is 1) are polynomially time 
equivalent problems. 


Theorem 3,2,1 , The isomorphism of tournaments and near-regular 
tournaments are polynomially time equivalent problems. 


Proof , Let T be a tournament with vertex set V(T) = £ 

We consider two copies and T2 of T, Let V(T^) = 

for 1 = 1/2, We define a tournament NR(T) as follows. 

The vertex set V(NR{T)) of NR(T) is the union of V(Tj^) and 
VCt^)* The arc set E(NRCT)) of NR(t) consists of the arcs of 
Tji^ and T^ and the following arcs, 

(I) e E (NR(T)) iff (Vj/V^) e e(t). 

(II) Cv- /V. -) e eCnr(T)) iff either J = i or Cv.,v ) e e(t). 

2 J 1 X j 


Clearly sCv^^^) = n-1 for 1 < i < n and sCv^^) = n for 


1 < j < n. Thus NR(t) is a neaa?- regular torurnament, NR(T) 
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uniquely represents T as the vertices with scores n-1 (or n) 
induces a copy of T, Thus isomorphism of tournaments and near— 
reg-alar tournaments are polynomially time equivalent problem. J 1 

As every near-regular tournament is self-converse, so 
we have also established the following result. 

Corollary 3.2.1 . The isomorphism testing of tournaments and 
near-regular self-converse tournaments are polynomially time 
equivalent problems. 

Now, we show that the isomorphism testing of tournaments 
and strong tournaments are polynomially time equivalent problems. 
Thus Colboum et al's [ 26 ] result as well as Theorem 3,2.1 become 
a particular case of the following result as every regular and 
near-regular tournaments are strong. 

Let and T^ be two tournaments to be tested for 
isomorphism. Let Tj^ and have the following strong component 
decompos itions 

and 

^2 “ ^"^ 21 ' *^ 22 ' • 

We know that Tj_ ^ T^ if f k = m and ^ for 1 < i < k. 

Thus we have the following important result. 

Theorem 3,2.2. Ihe tournament isomorphism problem and the 
strong tournament isomorphism problon are polynomially time 
equivalent. 
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We observe that the proof of Theorem 3.2*2 is simply 
obtained with the helo of the structural properties of tournaments. 
But Colboum et al [ 26 ] an their proof have transformed a 
tournament T of order n to a regular tournament R(t), of order 
4n+l / which uniquely represents T. In tne proof of Theorem 
3*2.1 we have transformed a tournament T of order n to a near- 
regular tournament NR(T) of order 2n, where NR(T) uniquely 
represents T. 

3,3 TOURNAME!:;[T ISOMORPHISM TECHNIQUE 

In this section/we shall discuss the refinement procedure 
applicable to tournaments. In the light of Section 3,2. we will 
concentrate only on strong tournaments. There is plenty of 
literature available on graph isomorphism algontlros, For the 
details of graph isomorphism algorithms we refer to Colboum £ 23] 
and Read and Cornell [86] and the references given therein. 

The technique of the tournament isomorphism which we shall discuss 
IS based on refinement procedure given by Comeil and Gotlieb 
[ 32 ] and Comeil [3l], For the sake of completeness, we briefly 
present the refinement procedure here. But we shall be considering 
only tournaments not graphs as wo are interested in the tournament 
isomorphism* 

3.3,1 REFINEMENT PROCEDURE : Let T = (V,E) be a tournament and S 
be the score sequence of T, The refinement procedure is as 


follows 
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Step 1 , We partition the vertex set V on the basis of the score 
sequence. So if T is regular, then V can not be partitioned on the 
basis of the score sequence and hence we go to Step 6, If V has 
been partitioned, we go to Step 2. 

Step 2 . Let V be partitioned in to the disjoint cells 
• ••/ Now to each vertex u of V, v/e associate a vector (or 

list) of dimension m such that its ith entry is the number of 
vertices in which are being dominated by u. We go to Srep 3» 

Step 3« The vertices of each cell are re-arranged by arranging 
the vectors of each cell in antilexicographic order. 

Step 4. Further refinement is done by partitioning the vertices 
of the cells which have got different lists on the basis of lists 
associated with vertices. We reindex each cell. If the 
number of cells equals the number of vertices/ then we say that 
the final partition has been achieved and we stop. If any cell 
is further refined and final partition Is not acheived, we go to 
Step 2. If no cell has loeen further refined we go to Step 5. 

Step 5. Let be the first cell such that |V^| >1* We choose 

a vertex of this cell and place it in the first cell and 
reindex all the ith cell to i+lth cell, we go to Step 2. 

Step 6 . If T is regular, we choose a vertex and place it in the 
first cell. We now place other vertices in the 2nid cell and 
go to Step 2. 

When refinanent procedure is applied on a tournament/ we 
always get the final partition. 



61 


We shall now discuss different examples of tournaments 
which will explain the refinement procedure more clearly. All 
these examples have been worked on computer by using 
the refinement procedure program. 

Example This is an example of a tournament in -v^ich the 

refinement procedure gives final partition but Step 5 and Step 6 
are not recjuired. 

Let the tournament T be given by the following adjacencies. 
Here v/e take V(t) ={l,'?/.../n}, 

T : 1(3)» 2(1)? 3(2/6)? 4(l,2/3/S)? 5(l/2^3/6); 6(1/2, 4/7)? 
7(l/2/3/4/5) 

The score sequence S is given by 

Vertex label L(l) =12345 67 

Score sequence S(l) = l 1 2 4 4 4 5 

On the basis of the score sequence (applying St^ l) 
the vercex set is partitioned as follows. 

Cell No, Vertices 

2 3 
4 

3 5 
6 


4 


7 
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Now using Step 2 » we get 


Cell No. 
1 
2 

3 

4 


V ertices 

1 

2 

3 

4 

5 

6 

7 


Lists 

( 0 , 1 , 0 , 0 ) 
( 1 , 0 , 0 , 0 ) 

( 1 , 0 , 1 , 0 ) 

( 2 / 1 , 1 , 0 ) 
( 2 , 1 / 1 , 0 ) 
( 2 / 0 , 1 , 1 ) 

( 2 / 1 / 2 / O) • 


The application of Step 3 gives the following (vectors of each 
cell are arranged in antilexicographic order) . 

Cell No, Vertices Lists 


1 

2 

3 

4 


1 

2 

3 

6 

5 

4 

7 


( 0 , 1 , 0 , 0 ) 
( 1 , 0 , 0 , 0 ) 

( 1 , 0 , 1 , 0 ) 

( 2 / 0 , 1 , 1 ) 
( 2 , 1 , 1 , 0 ) 
( 2 , 1 , 1 , 0 ) 

( 2 / 1 / 2 , 0 ) . 


The application of 
(Now we go to Step 2 
order) , 

Cell No, 


Step 4 further refines the Cells 1 and 3. 
and arrange the lists in antilexicographic 

Vertices List 


1 

2 

3 

4 

5 

6 


1 

2 

3 
6 

4 

5 

7 


( 0 , 0 , 1 , 0 , 0 ®)) 

(i,0,0,0,9f)) 

(o,i,o,i,o,o) 

( 1 , 1 , 0 , 0 , 1 , 1 ) 

(1,1,1 ,o,i,o) 
(i,i,i,i,o,o) 

(1,1, 1,0,2, o) 
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Cell 5 is further refined and we observe that the final partition 
IS achieved. 


Cell No. 
1 
2 

3 

4 

5 

6 
7 


Vertices 

1 

2 

3 
6 

4 

5 
7 


Lists 

(0,0,1^C, 0,0,0) 
( 1 , 0 , 0 , 0 , 0 , 0 , 0 ) 
( 0 , 1 , 0 , 1 , 0 , 0 , 0 ) 
( 1 , 1 , 0 , 0 , 1 , 0 , 1 ) 
(l,l,l,0,0,l,0) 
( 1 , 1 , 1 , 1 , 0 , 0 , 0 ) 
( 1 , 1 , 1 , 0 , 1 , 1 , 0 ) 


We note that the number of iterations required to get 
the final partition is 3. 

Example 3«3.2 « This is an example of a tournament in which 
Step 5 is used to get the final partition. Let T be a 
tournament given by the following adjacency relation. Here we 
simply report the computer out put and do not explain all 
the steps (for details see, example 3.4.1). 

T : 1(7)| 2(1); 3(1,2); 4(1,2, 3,5); 5(1, 2, 3,6); 6(1, 2, 3,4); 
7(2, 3, 4,5, 6) 

Vertex label L(l)=l 2 3 45 6 7 

Score sequence S(l)=l 1 2 4 4 4 5 


Iteration No. = 1 
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Cell No. 

1 

2 

3 

4 

Iteration 
Cell No. 

1 

2 

3 

4 

5 


Vertices 

1 

2 

3 

4 

5 

6 

7 

. = 2 

Vertices 

1 

2 

3 

4 

5 

6 

7 


Lists (arranged m 

antilexicographic order) 

( 0 , 0 , 0 , 1 ) 

( 1 , 0 , 0 , 0 ) 

( 2 , 0 , 0 , 0 ) 

( 2 , 1 , 1 . 0 ) 

( 2 , 1 / 1 , 0 ) 

( 2 , 1 , 1 / 0 ) 


(1, 1,3,0) 


Lists 

(O, 0,0,0, 1) 

( 1 , 0 , 0 , 0 , 0 ) 

( 1 , 1 , 0 , 0 , 0 ) 

( 1 , 1 , 1 , 1 , 0 ) 
( 1 , 1 , 1 , 1 / 0 ) 
( 1 , 1 , 1 , 1 , 0 ) 

(0,1, 1,3,0) 


No further partitioning, on the basis of lists associated 
with vertices, is possible and hence we apply St^ 5. 


Iteration No. = 3 


Cell NO. 
1 
2 

3 

4 

5 


Vertices 

4 
1 
2 
3 

5 

6 


6 7 

Iteration No. =4. 


Lists 

( 0 , 1 , 1 , 1 , 1 , 0 ) 

( 0 , 0 , 0 , 0 , 0 , 1 ) 

( 0 , 1 , 0 , 0 , 0 , 0 ) 

( 0 , 1 , 1 , 0 , 0 , 0 ) 

( 0 , 1 , 1 , 1 , 1 , 0 ) 
( 1 , 1 , 1 , 1 , 0 , 0 ) 

( 1 , 0 , 1 , 1 , 2 , 0 ) 
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Cell No, 
1 
2 

3 

4 

5 

6 
7 


Vertices 

4 
1 
2 
3 

5 

6 
7 


Lists 

( 0 , 1 , 1 , 1 , 1 , 0 , 0 ) 
( 0 , 0 , 0 , 0 , 0 , 0 , 1 ) 
( 0 , 1 , 0 , 0 , 0 , 0 , 0 ) 
( 0 , 1 , 1 , 0 , 0 , 0 , 0 ) 
( 0 , 1 , 1 , 1 , 0 , 1 , 0 ) 
( 1 , 1 , 1 , 1 , 0 , 0 , 0 ) 
( 1 , 0 , 1 , 1 , 1 , 1 , 0 ) 


Final partition is achieved and the number of iterations 
required is 4. 

Example 3.3.3. Ihis is an example of a regular tournament in 
which Step 6 is used (but Step 5 is not used) • The 

tournament T is given by the following adjacency relation* 

T ; 1(2, 3,4); 2(3,4,5)j 3(4, 5, 6); 4(5, 6, 7>; 5(l,6,7)j 
6(l,2,7)j 7(1, 2, 3) 

Vertex label L(i)=1 2 3 4 5 67 

Score sequence S(l)=3 3 3 3 3 3 3 

Since T is regular, no partition of vertex set is possible on 
the basis of score sequence and therefore we use Step 6* 


Iteration No. = I 

Cell No. Vertices 

1 1 

2 

3 

4 

5 

6 
7 


Lists 

(0,3) 

(0,3) 

(0,3) 

(0,3) 

( 1 , 2 ) 

( 1 , 2 ) 

( 1 , 2 ) 


2 
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Iteration No. = 2 


Cell No. 
1 


2 


3 


Vertices 

1 

4 

3 

2 


5 

6 
7 


Lists 

(0,3,0) 

(0,0,3) 

( 0 , 1 , 2 ) 

( 0 , 2 / 1 ) 

( 1 / 0 , 2 ) 

( 1 , 1 / 1 ) 

( 1 , 2 , 0 ) 


Iteration No 

Cell No. 

1 

2 

3 

4 

5 

6 
7 


3 

Vertices 

1 

4 
3 
2 

5 

6 
7 


Lists 

( 0 , 1 , 1 , 1 , 0 , 0 , 0 ) 
(0,0,0,0,l,l,l) 
( 0 , 1 , 0 , 0 , 1 , 1 , 0 ) 
( 0 , 1 , 1 , 0 , 1 , 0 , 0 ) 
( 1 , 0 , 0 , 0 , 0 , 1 , 1 ) 
( 1 , 0 , 0 , 1 , 0 , 0 , 1 ) 
( 1 , 0 , 1 , 1 , 0 , 0 , 0 ) 


Final partition is achieved and the number of iterations 
required is 3. 

Evamrile 3.3.4 . Ihis is an example of a regular tournament in 
which Step 5 is also used to get the final partition. The 
tournament T is given ly the following adjacency relation 

T : 1(2, 3/5/9)? 2(3, 4,6,9); 3(4,5, 7,9); 4(l,S,6,8)t 5(2/6,7,9>5 
6(1, 3, 7, 8); 7(1, '>,4,8); 8(1,2, 3, 5), 9(4, 6, 7, 8) 

Vertex label L(l)=l 2 3 4 5 6 7 8 

Score sequence S(I)=4 4 4 4 4 4 4 4 
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No further refinement on the basis of lists associated with 
vertices of cells is possible and hence we apply Step 5« 


Iteration No 
Cell No. 

1 

2 

3 

4 

5 

6 


4 

Vertices 

3 
1 
9 

5 
2 

7 

4 

6 

8 


Lists 

( 0 , 0 , 1 , 1 , 2 , 0 ) 

( 1 , 0 , 1 , 2 , 0 , 0 ) 

(0,0, 0,0, 3,1) 

( 0 , 0 , 1 , 1 , 2 , 0 ) 
( 1 , 0 , 1 , 0 , 2 , 0 ) 

( 0 , 1 , 0 , 1 , 1 , 1 ) 
( 0 , 1 , 0 , 1 , 1 , 1 ) 
( 1 / 1 , 0 , 0 , 1 , 1 ) 

( 1 , 1 , 0 , 2 , 0 , 0 ) 


Iteration No 
Cell No. 

1 

2 

3 

4 

5 

6 

7 

8 


= 5 

Vertices 

3 
1 
9 

5 
2 

7 

4 

6 

8 


Lists 

( 0 , 0 , 1 , 1 , 0 , 2 , 0 , 0 ) 

( 1 , 0 , 1 , 1 , 1 , 0 , 0 , 0 ) 

( 0 , 0 , 0 , 0 , 0 , 2 , 1 , 1 ) 

( 0 , 0 , 1 , 0 , 1 , 1 , 1 , 0 ) 

(1,0, 1,0, 0,1 ,1/ o) 

( 0 , 1 , 0 , 0 , 1 , 1 , 0 , 1 ) 
( 0 , 1 , 0 , 1 , 0 , 0 , 1 , 1 ) 

( 1 , 1 , 0 , 0 , 0 , 1 , 0 , 1 ) 

( 1 , 1 , 0 , 1 , 1 , 0 , 0 , 0 ) 


Iteration No. = 6 
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Cell No, 
1 
2 

3 

4 

5 

6 

7 

8 
9 


Vertices 

3 
1 
9 

5 
2 

7 

4 

6 

8 


Lists 

( 0 , 0 , 1 , 1 , 0 , 0 , 0 ) 
(i,o,i,i,i ,o,o,o,o) 
( 0 , 0 , 0 , 0 , 0 , 1 , 1 , 1 , 1 ) 
( 0 , 0 , 1 , 0 , 1 , 1 , 0 , 1 , 0 ) 
( 1 , 0 , 1 , 0 , 0 , 0 , 1 , 1 , 0 ) 
( 0 , 1 , 0 , 0 , 1 , 0 , 1 , 0 , 1 ) 
( 0, l/0,l,0,0,0,l,l) 
( 1 , 1 , 0 , 0 , 0 , 1 , 0 , 0 , 1 ) 
( 1 , 1 , 0 , 1 , 1 , 0 , 0 , 0 , 0 ) 


Pinal partition is achieved and the number of iteirations required 
is 6, 


3.4 APPLICATION OF THE REFINEMENT PROCEEO^ TO TOURNAMENT 
ISOMORPHISM 

Let Tj^ = (V^,Ej_) and T^ = be two tournaments 

to be tested for isomorphism. Let S^ and S^ be the score 
sequences of toirmaments T^ and T^ respectively. A necessary 
condition for T^^ = T^ is S^^ ~ ^2* * ^2' 

T^ and have the same number of strong components. Let 
Ti = [ unique strong conponent 

decoirposition of the tournament T^ into its strong components 
for i = 1,2- Let S^^ be the strong score sequence of the 
strong con^onent for i = 1,2 and j = 1,2,...#!^. We know 
that Tj = iff Tj^j = T 2 j for j = l,2,...,k. To each and 
T^j the following technique is applied if S^^, 


is not simple . 
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When is simple, . = T . and in this case the refinoment 

-*•3 A 3 2 3 

procedure need not be applied. 

We apply refinement procedure on and '^ 2 j* After 

arranging the vectors in antilexicographic order in Step 3 of 
3.3.1, we check whether the lists (vectors) associated with the 
vertices of each cell are identical for 3^ ^ and or not. If 

Step 5 or 6 is not used, then ^ hence 

we stop. 

Suppose at any stage of refinement procedure 3.3,1, 

Step 5 IS used. Let the first cell be the ith cell m 
which has got more than one vertices and has not been fuirther 
refined. We choose the first vertex of ith cell in and 

place it in the first cell (i.e. Step 5 of 3.3.1 is applied). 

We choose the first vertex of the ith cell of and place 

it in the first cell (again Step 5 of 3.3,1 is applied). If 
the lists associated with vertices of each cell of after 

using Step 3 of 3.3,1 are identical, then we proceed with the 
refinement procedure. If not, then we place the vertex of 
the first cell of ^ in the ith cell in its original position and 
the next vertex of the ith cell of ^ in the first cell. We 
now apply the refinement procedure. If still the lists 
associated with the vertices of each cell of and are 

not identical after applying Step 3 of refinanent procedure, 
we place the vertex of 1st cell of in the ith cell in its 

original position and the next vertex of the ith cell of 
in the first cell. We now apply the refinement procedure. We 

I, 

I 
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continue till all the vortices of the ith cell of have been 

placed one by one in the first coll. If at no stage the lists 
associated with vertices of each cell of and are 

identical/ then ^ S-^d hence ^ 

If Step 6 IS used at any stage, then the same procedure 
is adopted as for Step 5* The refinenent procedure shows that 
= '^'5 T not, 

-i* J Z J 

3.5 TOURNAMENT ISOMORPHISM ALGORITEiM 

Let Tj_ = (V^/E^) and T^ = tournaments to 

bo tested for isomorphism. The tournament isomorphism technique 
IS as follows. 

Step 1 , We calculate the score sequences S^ and S^ of the 
tournaments and respectively. If S^ ^ ^ 2 * ^ *^2 

and we stop. Otherwise we go to Step 2. 

Step 2 , We calculate the strong components T^j^ , T^ 2 • • • ' 

(unique decomposition) of the tournament T^ for 1 = 1,2 
respectively. We also calculate the strong score sequence S^^ 
of the strong component T^^ for i = 1/2, and j = If 

each S^^ is simple then S^ is simple implying Tj_ = T^ and we 
stop. Otherwise we go to Step 3, 

Step 3. We follow the refinement procedure of tournament for each 
pair of strong components T^j and T^^ (provided S^^. is not 
simple (As S^j simple Implies T^^ S T^j) . If T^j P T^j for 
some J, then T^ ^ T^ and we stop. If ^ T^j for 3 » l/2,.,,,l«f 
then = ^2 and we stop. 



72 


v'Je have run the program for the tournament isomorphism 
on computer upto oo vertices with almost all possible score 
sequences and different possible structures of tournaments. 

Our program worked successfully. This technique helps us 
decide whether a given pair of tournaments is isomorphic or not. 



CHAPTER 4 


BIPARTITE TOURNAMENTS 

In Chapter 2 we had studied some of the properties of 
the ordinary tournaments and in Chapter 3 we had discussed the 
tournament isomorphism problem. Much work has been done on 
tournaments e.g, [ 53^54y82, 88,10?] , It is interesting to see 
v/hether a portion of tournament theory can be applied to other 
areas. In this chapter we shall study one more class of 
tournaments known as bipartite tournaments, Beineke [ 9 ] has 
mac3e comparisons of the results for the two classes of tournaments 
namely ordinary tournaments and bipartite tournaments, Hiis 
paper also includes a brief bibliography on bipartite toumamoits 

The bipartite tournaments can be considered as the 
result of competition between the individuals of two teams or 
comparison between the items in two sets. In the case of 
competition between the individuals of two teams, each player 
of a team plays with every player of the other team and either 
this player wins or loses, no tie being allowed. In the event 
of comparisons between the items in two sets one is asked to 
give his choice of each item in one set to the every item in 
the other set. Some more interpretations of the bipartite 
tournaments can also be given. 


Formally a bipartite tournament T is a complete oriented 
bipartite graph. Thus the vertex set is partitioned in to two 
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disjoint sets X = and Y = {v^#V2/ • . . , . Itie 

sets X and Y are known as the partite sets. A bipartite 
tournament with {Xl = m and lYi = n is known as an mxn-bipartite 
tournament. Ihe score lists of an mxn-bipartite tournament are 
the pair of score lists, arranged in nondecreasing order, one 
for each partite set. The pair of bipartite score lists of an 
mxn-bipartite tournament will be denoted by A = (a^fa^, . . 
and B = (b^,b 2 ,,,.,b^), each list arranged in nondecreasing order. 

In Section 4.1, we shall study the bipartite score lists 
and the strong components of bipartite tournaments as well as 
the strong components of bipartite score lists. In this section, 
we also discuss about the total number of bipartite score lists 
of order mxn and total number of strong bipajrtite score lists 
of order mxn. In Section 4.2, we discuss the bipartite tournament 
isomorphism problem. In Section 4, 3, we study the simple pair 
of bipartite score lists. First we count the number of strong 
simple pairs of bipartite score lists of order mxn and then we 
present a recurrence relation to evaluate the value of the total 
number of simple pairs of bipartite score lists of order mxn. 

In the last Section 4.4, we partially characterise the self- 
converse bipartite score lists. 

4.1 BIPARTITE SCORE LIS IS AND IHEIR STRONG COMPONENIS 

In this section, we first study what collections of 
nonnegative integers constitute the score lists of some bipartite 

discuss about the total number of bipartite 


tournament T, Then we 



75 


score lists of order mxn. In the last^some values of strong 
bipartite score lists are reported* 

Landau [70] has characterised the score sequences of 
ordinairy toumainents (see Theorem 2*1.2). The analogous result 
in the case of bipartite tournaments has been given by 
Beinelce and Moon [lO] , First we report a result which helps in 
getting a bipartite tournament from the given pair of bipartite 
score lists. 

Theorem 4*1.1 [lO] . Let A = (a^^a^/ .. .^a^^) and B = (b^^b^r... 
***/bj^) be two sets of nonnegative integers in nondecreasing 
order* Let be obtained frcm A by deleting one entry a^ and 
B^ be obtained from B by reducing n— a^^ largest entries of B by 
1. Then A and B are the bipartite score lists iff and are. 

If in Theorem 4.1.1 the last entay of A is deleted and 
the nondecreasing property of the list B is preserved^ then we 
have a technique for construction of a canonical bipartite 
tournament with given pair of bipartite score lists* Ihe 
canonical tournament obtained in this way from bipartite score 
lists Aand B is denoted by T''(A^b). 

Now we state the existence criteria of bipartite score 
lists which are analogous to Landau's result [70] In the case 
of ordinary tournaments for the existence of score sequences. 

We give a different proof for this result which is much shorter* 
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.Theorem 4,1.2 [lo] . Let A = (cUj^^a^, . . and B = 

be the lists of nonnegative integers in nondecreasing 
order* Then A and B are the score lists of some bipartite 
tournament T iff 

1 

E a + E b. > kl for 1 < k < m and 1 < 1 < n (4.1.1) 

i=l j=l ^ ” ” ” - - 

and 

m n 

E a. 4“ E b = mn (4.1.2) 

1=1 j=l J 

Proof . Let A = (a^ia^/ .../S^) and B = (b^,b 2 ,....bjj) be a pair 
of score lists of a bipartite tournament T of order mxn. Let 
X = {u^/U^/ ..., 1 !^} and Y = £ • • • '^n^ partite sets 

of T such that a- = s(u. ) for 1 < i < m and b. = s(vj) for 

J. 1 wmm mmm ^ ^ 

1 < j < n. Consider the subbipartite tournament induced by 

the vertices . . .,u^i for k < m and { v^^/V^, . . . /V^J for 

1 < n* The number of arcs in this subbipartite tournament is kl, 

k 1 

The expression E a. + E b is the sum of the scores of the 
i=l 3=1 ^ 

vertices of this subbipartite tournament and hence 
k 1 

E a. + E b > kl for 1 < k < m 
i=l ^ j=l ^ 

m n 

and 1 < 1 < n. For k = m and 1 = n the sum E a. + E b. 

- “ i=i j=l 

equals the number of arcs in bipartite tournament T, which is 
mn. This proves one part. 

We prove the other part by contradiction. We assume that 
A = (a^/a 2 ,.,.rajj^) and B = (bj^^b^^ . .. .b^) is a pair of lists 
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•which satisfy equations (4.1.1) and (4.1.2) but are not bipartite 

score lists. Wo choose this pair of lists in such a way that m 

and n are the smallest possible and a^^ is -the smallest jjossible 

with ■that choice of m and n. We first consider ■the case v^ere 
k 1 

S a. + 2 b = kl for some k < m and 1 < n. 

i=l j=l ^ 


By tlie minimality of m and n, = (a^/a^, .. and 

®1 ~ (bj^/b^z .../bj^) is a pair of score lists of some bipartite 
tournament T^. Let = (a^_^^-lz , . , za^j.-!) and = (b^_^j^-kz • . . 
,,.#b^*k). We note that 


P q 

i=i j=i 


k+p 

= S a 
i=l 


1+q 

+ S b - 
j=l ^ 


k 1 

S Si - 2 b . 

i=l ^ j=l ^ 


pi - qk 


> (k-Hp) (1+q) - kl - pi - qk 

= Pq each pz 1 1 P 1 and each qz 1 S q S n-lz with the 

equality holding for p = m— k and q = n— 1. So by ■the minimality 
of m and nz the pair of lists and forms "the score lists 

of some bipartite -tournament Let Xj|_ and be the partite 

sets of Tj^ for 1 i ^ 2» Let = {u^za 2 z • • • / ^2 *.^^^+1^*** 

...zV' ^1 = and = £v 3 ^^ 3 ^z...,Vj^i. Let 

X =5 ^ and Y =1 Y^U "^2* <iefine a bipartite -tournament 

T with partite sets X and Y. The arcs of T are the arcs of Tj_ 

and T 2 and each dominates every Vj for k+1 < i < m and 

i < j < 1 and each Vj dominates every u^ for 1+1 < j < n and 
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1 1 . ^ we get a bipartite tournament T with the score 

lists A and B which is a contradiction* 

Now we consider the case wh^ the strict inequality 
holds in equation (4.1 .1) for \ m and 1 / n. In particular we 
assume that a^ > 0, Let Aj^ = (a^-l^a^/ . . and = ( 

* * *'^^ • Clearly the lists A^ and B^ satisfy the equations 
(4.1.1) and (4.1,2). Thus by the minimality of a^^/the lists A^^ and 
are a pair of score lists of some bipartite tournament T^, Let 
s(Ujl) = a^-1 and s(Uj^) = ^ s(u^) there exists 

atleast one vertex v such that (u^/v) and (v,u^) are the arcs of 
T^, By reversing the orientations of the path V/ u^^ / we get a 

bipartite tournament with score lists A and B, 1 1 

Another Landau type criteria for the existence of 
bipartite score lists can be found in Ryser [92] and Beineke and 
Moon [lO], 

Let A = (oj^ /a^, . ..,ajjj) and B = (b^^/b^z .../bj^) be a pair 
of bipartite score lists of order mxn. Let = (n— a^^, . , ,,n— a^/ 
n-Oj^) and B' = (m-b^, . . . /m-b^/m-b^) . Clearly the pair of liste 
A and B is a pair of bipartite score lists iff the pair A' and B' is. 
The pair of bipartite score lists A' and B' is known as the 
duals of A and B, If A and B are the score lists of a bipartite 
tournament T then A' and B' are the score lists of T' and the 
converse also holds good. 

In Chapter 3 we have observed that an ordinary tournament 
can uniquely be decomposed in to its strong ccsnponents, A 
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sijnilar observation has been made by Beineke and Moon [lO] in 
the case of bipartite tournaments, 

theorem 4,1,3 [lO]', Let A = { / . . . /a^) and B = (b^^b^/... 

**,/bj^) be the bipartite score lisrs in nonincreasing order of 
some bipartite tournament T. Then 

( l) If aj_ = n or b^ = m, then the corresponding vertex 
constitutes a trivial component, 

( II) Otherwise/ if k > 2 is the minimum index for which 
k n 

S a. = 2 min (k/m-b ) (4,1.3) 

1=1 3=1 

Then a component consists of those vertices in X with 
scores a^#a 2 /,,,/a^ and those vertices in Y with scores > m-k. 

We illustrate this with the help of the following 

example. 

Example 4,1,1 , Consider A = (4/2/2) and B = (P/l/l/O)? thus 
m = 3 and n = 4, As a^^ = 4/ this means that the partite set 
X has a trivial dominating component of score 4, Next we get 
the lists (2/2) and ( 2 , 1/1,0). It follows that Y has a vertex 
of score 2 forming a trivial componaiit, Whoi this vertex has 
been deleted v/e have the score lists (^,2) and (1,1/0), For 
k = 1/ we obtain the inequality 2 < 3, tut for k = 2/ 4=«*, 
Therefore we get a strong component having two vertices from X 
and two vertices frcm Y. Finally there is a trivial component 
of the vertex of Y, The strong coir^jonent deconposition is shown 
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xn Figure 4.1.1, where each vertex dominates those vertices in 
components to the right in the other partite set. 


Now we give some definitions, 

Def in ition 4.1,1. A pair of bipartite score lists A = (aj^,a 2 ,,.. 

® ~ said to be realisable by a , 

bipartite tournament T with partite sets X = 

^ = {Vj^/V^, , ,,,v^} if a^ = s(u^) for 1 < i < m and b^ =s s(vj) 
for 1 ^ 3 ^ n. Such a T is called the realisation of the pair 
of bipartite score lists A and B, 


Definition 4.1.2. Let a^,T 2 /.../Tp be the bipartite tournaments 
v/ith disjoint partite sets. Let and be the partite sets 

of the bipartite tournament for 1 < i £ p« Clearly 

” P 

XjL n Xj = cp and Yj, H = (p for 1 ^ j. Let X = Q X^^ and 

p 1=1 

Y = \J Y .. Now T = [T- ,T^, , , , ,T ] denote the bipartite 

j =1 ^ ^ 


tournament obtained from the bipartite tournaments (l ^ i < p)# 
with partite sets X and Y such that the arcs of T are the arcs 
of and each vertex of Y^ dominates every vertex of X^ for 

j < i and each vertex of Xj^ dominates every vertex of Yj for 


i < j. 


Let /Tp be the strong cort 5 )onents of a bipartite 

tournament T obtained with the help of Theorem 4.1.3. We observe 
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that the strong components , , ,,T^ can be arranged in an 

ordered sequence such that T = [ . ,1^] . 

This IS knovm as the strong component deccsnposition. 

Definition Let A = (a^^^a^/ and B = (b^/b^/* ••/b^) 

be a pair of mxn bipartite score lists and C := and 

D = (d^/ d 2 / . . . /dg) be another pair of pxq bipartite score lists. 
We define 


A+C — C a^ i a^ / • , , f ntc^^ / n+c^ / • • • > ^"^^p ^ 

B+D = ( bj^ f ^<2 f • f * nv+d|^ f iQ+d^ / • * , / m+Cg) • 

Let and be the realisations of the pairs of 
bipartite score lists C and D and A and B respectively, 'Ihen 
T = [Tj^/T^] is a realisation of the pair of lists A+C and Bh-D, 
Thus the pair A+C and B+D is a pair of bipartite score lists. 

We can show that this operation is associative. 

Let A and B be a pair of bipartite score lists and A^^ 
and B|^ for 1 < i < p be the strong components of A and B. Ihen 
we can arrange the strong components A^ and B^ in such a way that 

A = Aj + Aj + ... + iij, 

and 

B = Bj_ + B^ + «.• + Bp. 

Such a decomposition of A and B into its strong 
components is known as the strong ccsnponent deccp^position. 

In the case of ordinary tournaments, the total number of 
score sequences t(n) of order n has been evaluated by Narayna 
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and Bent [85] • Let tCm^n) denote the total number of pairs 
of bipartite score lists of order mxn. Clearly t(m,n) = t(n/m}* 
There is no way to know the number t(m, n) for different values 
of m and n. Here we present an exhaustive search technique to 
generate all the t(m/n) pairs of bipartite score lists of order 
mxn and thus we can count, for different values of m and nythe 
value of t(m,n) , If A = (a^/a^, . , a^) and B = (bj^yb^, , . . ,b^) 

are the bipartite score lists arranged in nondecreasing order, 
then 0 < aji^ < n for 1 i ^ ni and 0 < b^ < m for 1 1. -3 £ 

There are (= lists A and B such that 0<aj^ — ^2 — *** 

, . • < < n and 0 < bj_ < b 2 < * • * < arrange all 

these lists A and B in antilexicographic order* Then we pick 
up the first list of A and apply the criteria of Theoran 4*i'*2 
on every list of B. If the criteria of Theoren 4.1*? 
are satisfied, we note down the corresponding A and B, 

We apply this technique by considering the list of A 
one by one. In this way we are able to generate all the t(m/n) 

bipartite score lists of order mxn* We illustrate this 

procedure with the help of an example. 


Example 4.1*2 * Let m = 2 and n = 3, Then the lists A and B 
arranged in antilexicographic order are as follows. 


List A 

List B 

(0,0) 

(0,0,0) 

(0,1) 

(0,0,1) 

(0,2) 

(0,0,2) 

(0,3) 

(0,1,1) 


4 


SI. No 


SI. No. 

List A 

List B 

5 

(1,1) 

(0,1,2) 

6 

(1,2) 

(0,2,2) 

7 

(1,3) 

(1,1,1) 

8 

(2,2) 

(1,1,2) 

9 

(2,3) 

(1,2,2) 

10 

(3^3) 

(2,2,2) 


The pairs of bipartite score lists of order 2x3 are as 
follows 


Sl.No, 

List A 

List B 

1 

(0,Q) 

(2,2,2) 

2 

(0,1) 

(1,2,2) 

3 

(0,2) 

(1,1,2) 

4 

(0,3) 

(1,1,1) 

5 

(1,1) 

(0, 2,2) 

6 

(1,1) 

(1,1,2) 

7 

(1,2) 

(0,1,2) 

8 

(1,2) 

(1,1,1) 

9 

(1,3) 

(0,1,1) 

10 

(2,2) 

(0,0,2) 

11 

(2,2) 

(0,1,1) 

12 

(2,3) 

(0,0,1) 

13 

(3,3) 

(0,0,0) 


Therefore t(2/3) =13 
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Below, we report the values of t(m,n) for some values of 
m and n. We hope that these values help in getting a 
general expression for t(m,n) for all values of m and n* We 
have obtained all these values on computer. 


(I) 

t(0,k) 

= 

1 for all integers k > 1. 



( II) 

t(l,k) 

= 

k+1 for 

all 1 

ntegers k > 0, 



( III) 

k 

=r 

2 3 

4 

5 6 7 

3 

9 10 


t(2/k) 

= 

7 13 

29 

34 50 70 

95 

125 161 


The 

value of 

^ t(2/ 

k) for general 

k is unknown. 

(IV) 

k 

=: 

3 4 

5 

6 7 

3 

9 


t(3,k) 

= 

34 76 

152 

280 482 

737 

12 30 


The 

general 

value 

: of t( 3,k) is 

not 

known. 

(V) 

k 

= 

4 

5 

6 




t(4,k) 


?21 

557 

1264. 




The value of t(4,]c) for all h is unknown. 

Let t^Cm/n) denote the number of pairs of bipartite 
score lists of order mxn Laving atlcast one score zero. We 
obtain the following interesting result. | 

Theorem 4.1.4 . t^Cm/u) = t(m-l/n) + t(m,n-l) . | 

Proof. Let ^ and B be a pair of bipar cite score lists of order 
mxn. Let the strong component decomposition of A and B be t 


A-Aj^ tA^ + ... 

and 

B = Bj^ + ^2 t » » • t ®p 
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where and are the strong components of the pair of 
bipartite score lists A and B for 1 1 i 1 p. We are interested 
in those pair of bipartite score lists in which atleasr one score 
IS zero. This is possible when either A^ = (O) i.e. the trivial 
component or B^ = (O) . If A^ = (O), then by deleting the vertex 
corresponding to this component v/e get a bipartite rournamen a of 
order (m-l)xn. Thus there are t(m-l,n) pairs of bipartite score 
lists of order mxn such that A^ = (o) . Similarly there are 
t(m,n-l) pairs of bipartite score lists of order mxn such that 
= (O) . Therefore t^Cm/n) = t{m-l/n) + t(m,n-l),tl 

The above result shows that there are t(m-l/n)*i-t(m,n~l ) 
pairs of bipartite score lists of order mxn which have 
receivers. 

Let ts(mj.n) denote the total number of strong pairs of 
bipartite score lists of order mxn. No result is known which 
gives the values of ts(m,n) for all values of ra and n. Below, 
we report the values of ts(m,n) for some values of m and n. 

We hope uhat these values help to get a general ej^jression 

to evaluate ts(m,n) for all values of m and n. We know that 
each strong pair of bipartite score lists has atleast two 
entries in each list. We have obtained all these values on 

computer, 

(I) k=2 345 6 7 

ts(2,k) =1 12 2 

In general ts(2*^k) =[(k-l)/2]* 


3 


3 
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(II) k =3 

ts( 3,k) = 4 

The value of 


4 5 6 7 8 

8 16 27 42 62. 

for general k is unknown. 


(Ill) k 

ts(4,k) 


4 5 6 7 

28 70 157 309. 


But ts(4,k) for general k is not known. 

(IV) ts(5^5) = 238. The value of ts(5,k) for general k is 
unknown , 


4,2 bipartite _T0URNAMENT ISOMORPHISM 

We have discussed the tournament isomorphism problon in 
the previous chapter. In this section, we study the problan of 
bipartite tournament isomorphism. Pirstv we give two definitions 
of bipartite tou3m<3unent isomorphism. 


Let Tj^ and be the two bipartite toumainents with 
partite sets Xj_ and and X 2 and respectively. Let 

^i = ^iU for 1 = 1,2. 

Definition 4,2,1, We say that T^ S T^ if there exists a 
bijection f from onto V 2 such that (u/v) e E(Tj^) whenever 
(f(u),f(v)) e E(T 2 ) (This IS the usual definition of iscanorphism) 

I ^f in ition 4,2.2. We say that T^^ S T 2 if there exist bijections 
f]^ from onto X 2 and f 2 from Yj^ onto Y 2 such that 
(u,v) e E(Tj^) whenever (fj^(u), f 2 (''^)) ® £( 12 ) if u e Xj^ and 
V 6 Y^ and (u,v) e eCt^ ) whenever (f 2 (u),fj^(v)) e £( 12 ) if 
u e Yj^ and v e x^ , 
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The bipartite tournament iscitiorphism problem is to 
find if such bijection or bisections exist. 

In the definition 4.9.? it is assumed that IX^^I ^ '^2*" - 

the case when 1 X ^1 = l^^l/ the partiele set can be mapped I 

onto the partite set by an isomorphic mapping. Below we 
show that both the definitions given above are equivalent. 

Definition 4.?.1 ==> Definition 4,? .2. Bet f be an isomorphism 
given by the definition 4 . 2 . 1 . We define -» such that 

% = f, and - Y 2 such that f^ = f,y^. We note that 

f^ and f 2 are the required bisections of definition 4.2.2. 11 > 

Definition 4.2.2 ==> Definition 4.2.1. Let and f 2 be the 

bisections as given by the definition 4.2.2. We define f:V^ -* V 2 

(where Vj_ = X^ U X 2 and V 2 = Y^ U ^ 3 ) such that f,^ = f ^ and 

■F - f . We note that f is an isomorphic mapping. 

- ^ 2 - 

For the case of ordinary tournaments we observe that the 
tournament isomorphism problem and the regular tournament | 

isomorphism problem are polyncmiallY time equivalent. | 

Analogous of this result in the case of bipartite tournaments is j 

as given below, 

theorem 4.2.1 . Bie bipartite tournament isomorphism and 
the regular bipartite tournament isomorphism are polynomially 
time equivalent problons. 

p^oof . Let T be a bipartite tournament of order mxn with partite 
sets X and Y. We take four copies of T namely with partite 
sets X^, Y^ for 1 < i S 4. 
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Now froTi T we construct, a regular bipartite tournament R(T) 
with partite sets X'^ and Y~ where X’’" = 5 ^ U |J and 

Y* = J Y 3 y X 4 . Clearly 1X''M = lY^l = 2 (m+n). Let 

X = {Uj_/U 2 /...,Uj^} and Y = and let = £ 

^il'^x2’'***'’^am^ for 1 < i < 4 and Y^ = ^ ‘ 

113 14. 

The edge set E(R(T)) of R(T) is obtained as follows. 

(I) ^^ki'''^lj^ ® E(R(T)) fork / 1 if (vj,u^) e E(T) otherwise 
(Vf^irU^i) e e(r(T)). 

(II) ^^ki'^lj^ ® E(R(T)) for 111/ Jim where 1 = k+1 (mod 4) 
i.e, there is a complete orientation from X^ to X^^. 

(III) (Vj^i/Vj^j) e E(R(T)) for 1 < i/ J 1 n. Where 1 » k+1 (mod 4) 
i.e. there is a complete orientation from Y^, to Y^* •t 

f\ schonaatic diagram of this construction is shown in Figure 
4. 2.1. We observe that the bipartite tournament r(T) 
obtained in this way is regular since id(v) «= od(v) 

= Yn+n tor every vertex v of R(T), Uius we have transformed 
a bipartite tournament T of order mxn to a regular 
bipartite tournament r(t) of order 2(m4n) X 2(m+n) . 

Let and be two bipartite tournaments and RCTj) and 
r(T«) be the regular bipartite tournaments obtained from and 
T« respectively. It is easy to see that Tj^ = Tg iff R(3^) = 

This shows that bipartite tournament iscmiorphism and regular 
bipartite toumam^t isomorphism are polynamially time equivalent 
problans. 1 1 






Nr/ 



: Set {^5 ir. ’.Isi o? tdg® stt 
Coxple’lg , oricniitd from X to ¥ 


<.‘50 -4 A' .i 




jc diagram th® construction of 
Ospcrtiif U;*jr'^cr .4^'' . 
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Now we prove the following result. 

Theorem 4 , 2 * 2 , The bipartite tournament isomorphism problem and 
the strong bipartite tournament isomorphism problem are polynomia- 
lly time egiiivalent. 

Proof , Let T^ and T^ be the two bipartite tournaments with 
strong component decompositions as follows. 

We know that T^ = T« iff p = q and T . - T . for 1 < i < p. 

This shows that the bipartite touraament isomorphism problem 
and strong bipartite tournament isomorphism problem are 
polynomially time equivalent, i I 

We observe that Theorem 4,2.1 becomes a Corollary of 
Theorem 4,2.2 as every regular bipartite tournament is strong. 

We note that the proof of Theorem 4.2.1 involves a redaction 
technique where the proof of Theorem 4,2,? only uses the 
structural properties of bipertite to^irnament, 

4.3 SIMPLE PAIRS OF BIPARTITE SCORE LISTS 

In Section 2.2 we have studied the simple score sequences 
of ordinary tournaments. In this section^our aim is to study 
the simple pairs of bipartite score lists. First we count the 
number of strong pairs of simple bipartite score lists of order 
mxn and then we give a recurrence relation to evaluate the 
number of simple pairs of bipartite score lists of order mxn. 


92 


The strong pairs of simple bipartite score lists have 
been characterised by Beineke and Moon [lo]. 

Theorem 4«3.1 (Beineke and Moon [lO]) , A pair of strong bipartite 
score lists with atleast three entries in each list is simple iff 

(I) One list IS (1/1^..., 1) or its dual# t±ie other list has 
no restriction except the strongness, or 

( II) One list IS (a,l/...,l) with a > 1 or its dual and the 
orher list is constant. 

The following observation can easily be established and 
is of much interest. 

Lemma 4,3.1 . A pair of bipartite score lists is simple iff 
each of its strong component is simple. 

The first observation on simple pair of bipartite score 
lists is the following. 

Theorem 4.3.2 * A pair of bipartite score lists A and B is simple 
iff the dual pair A-' and is simple. 

Proof. Let the pair of bipartite score lists A and B be simple. 
Suppose that T^ and T^ are the two realisations of A' and B' 
such that 0^ ^ "^2* means that T^ ^ ^2* Hius and are 

the two non*” isomorphic realisations of a simple pair of bipartite 
score lists A and B which is a contradiction. Similarly the 
converse can also be established. 1 | 

The following result gives rise to a new pair of simple 
bipartite score lists. 
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Theorem 4,3.3, Let and for i = 1/P be a pair of simple 
bipartite score lists. Then the pair of bipartite score lists 
^ ~ also simple. 

Proof 1> Let T^ be the realisation of the simple pairs of 
bipartite score lists and for i = 1,2. Ihen T = [t^/T^] 

is the realisation of A and B, Thus the pair of bipartite score 
lists A and B is simple, l i 


Proof 2 . Let the strong component decompositions of the simple 
pairs of bipartite score lists A and B for i =1,2 be 


and 


\ = Ail + hz + ••• + 


= hi + hi + ••• + hp. 


Clearly each pair of strong component A^^ and B^j for 
1 < 1 < 2 and 1 £ J 5. Pj^ is simple. We note that 

A = A^l + A^2 +•••+ + ^2l ••• 


and 


B = Bii + B^2 +•••+ + ®21 ®2p. 


Thus the pair of bipartite score lists A and B is simple 
as each of its strong component is simple. | 1 


Corollary 4.3,1 . Let and B^ for 1 < i i q l>e pairs of simple 
bipartite score lists. Then the pair of bipartite score lists 
A = A^+A 2 +,..+Ag and B = Bj_+B 2 +. . .+6^ is also simple. 

Proof, ^is follows inra^iately from Theorem 4.3,3, \\ 
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We know that the strong simple score sequences are (O) , 
(1,1,1)/ (1,1,?, 2 ) and (2,2, 2, 2/2) (Theorar. 2,2,1). Now we 

shall count the number of strong simple pairs of bipartite score 
lists of order mxn. First we give some definitions. 

Definition 4,3.1 . The strong simple pair of bipartite score 
lists of the kind(I)of Theorem 4.3,1 will be called as the 
strong simple pair of bipartite score lists of the 1st kind 
and the strong simple pair of bipartite score lists of the 
kind (II) of Theorem 4.3,1 as the strong simple pair of bipartite 
score lists of the Ilnd kind. 

The nimber of strong simple pairs of bipartite score lists 
of the 1st and the Ilnd kinds of order mxn will be denote by 
H| 2 ^(m,n) and H 2 (m,n) respectively. In our discussion, a strong 
simple pair of bipartite score lists is either of the 1st kind 
or of the Ilnd kind but not of both the kinds. Let H(m,n) denote 
the number of strong pairs of simple bipartite score lists of 
order mxn. Clearly 

H(m,n) = H^(m,n) + H 2 (m,n) (4,3,1) 

In the subsequent sections, we count the values of Iij^(m,n) 
and H 2 (m,n) for all values of m and n. We note that 
H(ra,n) =H(n,m). 

4-3-1 NUMBER OF STRONG SIMPLE PAIRS OF BIPARTITE SCORE LISIS 
OF THE 1ST KIND 

The strong simple pairs of bipaitite score lists of 
•the 1st kind are of the form (1,1,,,, ,1) or its dual with no 
the other list except the strongness. 


restriction on 
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g ( I) • Let A = or its dual and B = (b^ /b^ , . . . /b^) 

be a strong simple pair of bipartite score lists of the 1st 
kind of order mxn. Let H^^(m,n) denote the nimber of strong 
Simple pairs of bipartite score lists of this kind of order 
mxn. 

We consider A = (n-1 ^n-l, . . . ,n-l) and B = (bj^ /b^ , - . . /b^) / 
a Simple pair of strong bipartite score lists of the 1st kind of 
order mxn, Fran equation (4.1.2)/ we get 

n 

m(n-l) + E b = mn 
J=1 ^ 

i. e. 

n 

E b = m ( 4 . 3 , 2 ) 

j=l ^ 

Thus 

Hj_^(m/n) = 2 (Number of lists (b 3 _ /b^/ . . ./b^) satisfying 

equation (4.3.2) such that the score lists A and B are of the 
1st kind) (4.3.3) 

The nvimber 2 is appearing in equation (4,3,3) because 
whenever A and B is a pair of strong simple bipartite score 
lists of the 1st kind then the pair A' and B' is also 
strong sample bipartite score lists. We note that the list 
B = (b 2 ^/-b 2 /,../bj^) satisfies 1 < bj^ £ b^ £ ... 5. b^^ < ro-1. 

n 

We observe that n < S b. = m, Ihus for n > m we do not 

j=l J 

get any list B satisfying equation (4.3,2) and hence 
H^j^(ro/n) = O for n > m 


(4.3,4) 
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If n = lUy then there is only one list B, namely (1^1,..,/!) 
satisfying equation (4,3.2). In this case A = (m-1 y . . . ,iTir-l) 

and B = (l/ly,..yl), vie note tnat the duals A"' and are 

identical with A and B as A'^ = B and B' = A. Thus 

= 1 (4.3.5) 

Now we consider the case *when n < n. First, we assign 
bj = 1 for 1 £ J £ n and the difference m-n is partitioned into 
at the most n parts such that the sum is m-n and the pair of 
lists A and B is of the 1st kind. Thus we get 

H^l(m,n) = 2(pj^(m-n)-l) for n < m (4,3.6) 

where Pj^(m-n) is the number of partitions of m— n in to parts 
not exceeding n. The value of Pj^(k) can be obtained from 
[ 3 / p • 309 ] , We note rhis 

^ 1 °° V 

TT — i-iT = 1 + E p^(k) X (4.3,7) 

k=l 1-x k=l 

where 0 < x 1, 

Let p(k) denote the number of ways k can be written as a 
sum of positive integers £ k. Clearly Pj^(^) ~ p(k) for m £ k. 

The value of p(k) for k > O can be obtained with the help of 
Euler'^s recursion formula ^3* Uieorem 14.2 or Iheoran 14,43 • 
The result is as follows. 

Let p(0) = 1 and p(k) = O if k < O, Ihen for k > 1 we 

have 

p( k) -p(k-l)— p(k-2) +p(k— 5) 4p(k-7) +, , , =0 (4,3,8) 
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Case ( II) , Let A = ( , . . . ^ and B = (1/1/, ..,1) or its 

dual/ be a strong sample pair of bipartite score lists of the 
1st kind of order mxn. Let H^^(m/n) denote the nximber of 
strong simple pairs of bipartite score lists of this kind of 
order mxn. Now a treatment similar to Case (I) yields. 


Hi2(m/n) = Hj^j^(n,m) 

(4.3.9) 

We note that 


Hj^(m/n) = H^^(m/n) + 

(4,3.10) 

Therefore 


Hj^(m/n) = H^^(m/n) -f4i^^(n/m) 

(4,3.11) 


Thus we obtain the following results. 

For n > m/ H^(m/n) = 2(F^(n~m)-l) from ecjuations (4. 3,4)/ 

(4.3.6) and (4,3.11), 

For n = m/ Hj^(m/m) = 2 from equation (4.3.5). 

Finally for n < m, H^(m/n) = 2(pj^(m-n)-l) fron equations (4.3.4)/ 

(4.3.6) and (4,3,11). 

Table 4.3.1 lists R]_(m/n) for some values of m and n for 

m > n, 

^ -1 2 3 45 6 78 9 10 11 

= 0 2 4 B 12 2 0 23 42 5 8 82 110 

Tabla 4.3.1 

4.3.2 xtTTMnT:R OF STRONG SIMPLE PAIRS OF BIPARTITE SCO^ LIS^ 

OF THE imp KIND 

siiwpl© pair of bipartite score lists of 
the Ilnd kind is of the form (a/1#. ../I)# a > 1 or its dual and 
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the other list is constant. (Definition 4.3.2). 

(I) » Let A = ( a, 1, a > 1 or its dual and 
B = (t^t, ..,,t) be a strong simple pair of bipartite score lists 
of the Ilnd kind of order mxn. Let H^^Cm/n) denote the number 
of strong simple pairs of bipartite score lists of order mxn 
of this kind. 


We consider A = (a,l,...,l), 2 £ a < n-1 and B = ( 
t/ ty . . , / 1) , 1 < t < m-ly a strong simple pair of bipartite score 
lists of the Ilnd kind of order mxn. From equation (4,1 .2) y we 
get 


a + m-1 + nt = mn 

Thus 

t = m - 2 < a < n-1 (4.3*12) 

As a varies from 2 to n-1 # we observe that m+a-1 gets the n-2 
consecutive values, namely m+l, m+2,..., m+n— 2, Now we consider 
a set of n consecutive integers, namely m-1, m, m+1, . . . ,m+n— 2 « 

We know that one and only one of these integers is divisible by 
n. If n/m and n/(m-l), then from equation (4,3.12) t gets an 
integer value and the desired pair of bipartite score lists 
exists. Therefore 


H 2 ]^(m,n) =2 if n / m and n / (m-1) 
= 0 if n|m or n| (m-1) 


(4.3.13) 

(4.3.14) 


Case ( II) . Let A = (s,s, . . .,s) and B = (b,l,l , , . . ,1) , b > 1 or 
its dual, be a strong simple pair of bipartite score lists of 
the Ilnd kind of order mxn. Let denote the niimber of 
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strong sample paa.rs of bipartite score lists of order mxn of 
this kind. Similar to Case ( I) / we obtain the following results 

=2 if m / n and m / (n-1) (4,i,15) 

= 0 if min or ml (n-1) (4,3.16) 


We note that 

H^Cm^n) = H^j^Cm^n) + H22(m/n) (4,3,17) 

Finally we conclude this section with the following results. 
If n / m and n / (m-l) but min or ml (n~l) / then H 2 (m,n) = 2 
from equations (4,3,13) and (4, 3.16) , If m / n and m / (n— 1) 
but nlm or nl (m-1) / then H 2 (n/m) = 2 from equations (4,3,14) 
and (4,3.15), If m / n and ra / (n-l) and n / m and n / (m-1) , 
then ^[^(m/n) = 4 from equations (4.3.13) and (4.3,15). In the 
end H 2 (m/m) = 0 from equations (4,3,13) and (4,3,15). 

Thus with the help of Sections 4.3.1 and 4,3,2r we can 
get the value of H(m^n) for all values of m and n. “Hie values 
of H(m,n) will be used in the next section for evaluating the 
total number of simple pairs of bipartite score lists of order 
mxn, 

4,3.3 NUMBER OF SIMPLE PAIRS OF BIPARTITE SCORE LISjg 

Let s(m,n) denote the nimber of simple pairs of bipartite 
score lists of order mxn. In this section. we evaluate the value 
of s(m.n) with the help of a recurrence relation. Let SQ(ra,n) 
denote the mmber of simple pairs of bipartite score lists of 
order mxn having atleast one score O, We get the following result. 
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_^eorem 4.3.4. s^Cm^n) = s(m-l,n) + s(m,n-l) . 

2£2££« A. and B be a simple pair of bipartite score lists 

of order mxn. Let the strong component decomposition of A and B 
be 


and 


A = Ai+A 2+... +Ap 


B = Bi +32 + ... + Bp 

where the pair Aj. and B^ for 1 < i < p is a strong component of 
A and B and is simple. We are interested in those simple pairs 
of bipartite score lists for which either A^ = (O) or = (O) . 

If Aj^ = (O), then the deletion of the vertex corresponding to this 
score reduces the order of bipartite tournament to(m-l)xn. Thus 
there are s(m~l^n) simple pairs of bipartite score lists of order 
mxn such that A^ = (O) . Similarly there are s(m/n-l) simple 
pairs of bipartite score lists of order mxn such that = (O) . 
Hence 

s^Cm^n) = s(m-l,n) + s(m,n“l) . 1 I 

We have observed that all Ixn/ mxl/ 2xn/ mx2 bipartite 
score lists are simple. We also note that 


s(m/n) = s(n/m) 


(4.3.18) 


The value of sCm^n) can be obtained with the help of 
the following recurroice relation 
m n 

= E 2 H(k#l) s(m~k/n-l) 
ksO 1=0 


s(m/n) 


( 4 . 3 . 19 ) 
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v;here H(O^O) = 0; H(1,0) = 1; H(k^O) = 0 for k > Ij H(k/l) = O 
for k > Oj s(k,0) = 1 for k > 0. 

The following tables 4.3.2 and 4.3.3 list the values of 
H(k,l) for 0 < k, 1 < 5 and s(m,n) for 1 < m,n < 5 respectively. 

1=01 2 34 5 

k 

’i 0 1 0 0 0 0 

1 1 0 0 0 0 0 

HCk,l) = 2 001122 

3 0 0 1 2 2 6 

4 0 0 2 2 2 2 

5 0 0 2 6 2 2 

Table 4.3.2 

n = 1 2 3 4 5 

m 

II 

1 2 3 4 5 6 

2 3 7 13 22 34 

s(m/n) = 3 4 13 32 66 124 

4 5 22 66 159 339 

5 6 34 124 339 804 

Table 4.3.3 

4.4 SELF-CONVERSE BIPARTITE SCORE LISTS 

A pair of mxn bipartite score lists A = 
ana B = is said to be self-converse if all the 

bipartite tournaments T with score lists A and B are self-convers< 
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that IS T = In the case of ordanary tournaments the self— 

converse score sequences have been characterised by Eplett [39] 
(see Theorem 2.3,1). Eplett^s result precisely states that a 
score sequence S is self-converse iff S = S' , Beineke [9] and 
Beineke and Moon [lO] have claimed that a natural analogue of 
this / in case of bipartite tournaments, must be as follows. 


A pair of bipartite score lists A = 

B = (b^ /b^/ , , . ,b^) is self-converse iff 

aj_ + = n for 1 £ i £ m (4.4.1) 

and 


bj + = n' for 1 £ j £. o (4,4,2) 

It IS equivalent to saying that a pair of bipairtite score lists 
A and B is self-converse iff A' = A and B' = B, 


Beineke and Moon [10] reported a counter example with lists 
A = (1,1,1, 3^3,3) and B = (2,2,4,4)» This satisfies A' = A and 
B' = B but is not self-converse. Then they claimed that 
equations (4.4.1) and (4.4.2) are necessary conditions for self- 
convejcseness of a pair of bipartite score lists. Below, we report 
an example which shows that equations (4.4*1) and (4.4,2) axe 
not even necessary conditions. 

Example 4,4,1 . Consider A = (1,1,1) and B = (2,2,2), a simple 
pair of bipartite score lists. We note that A' / A and B'' / B 
i,e. equations (4.4.1) and (4.4.2) are not satisfied. ' ut A' = B 
and b' = A^ which shows that the pair of bipartite score lists 
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is self- converse because if T is the realisation of A and B, then 
T' is the realisation of A* and b' 1 . 3 . of A and B and hence 
T = T', 


Thus we note that the equations (4, 4,1) and (4,4.2) are 
the necessary conditions for self-convemess when m n. Vie give 
a result as below. 


Theorem 4,4,1 , Let A — ( aj|^ / / • , • ^ ^ ^ ® ~ ^ ^ ^ ^ 2 g+l ^ ‘ 
P ^ ^ pair of bipartite score lists. Then A and B can not 

be self-converse. 


Proof , Suppose tht the pair of bipartite score lists A and B 
IS self- converse. Since p ^ q and hence equations (4,4,1) and 
( 4 . 4 , 2 ) are satisfied. PrOTi equation (4,4,1), we get 


+ ^2p+2-i ' for 1 < i < 2P+1 

For i = p+1, we obtain 


2 Vi = 

a contradiction. 1 1 


i.e, 2l(2q+l), 


In the above theorem p ^ q. For the case p = q# the 
bipartite score lists A and B may be self— converse. 

Exa mple 4,4,2 , Let A = (0,2,2) and B = (1,1,3) , Here we note 
that m = n = 3. We observe that the pair of bipartite score 
lists A and B is simple with A'= B and = A, This shows that 
the pair of bipartite score lists A and Bis self-converse. 
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We have observed in Section 4,2 that a bipamte tournament 
can uniquely be decomposed in to its strong components. Let T 
be a bipartite tournament with the unique strong component 
decomposition, T = [ Tj_, T^, . . . ,Tp] , Ihen T' = [iJ, . . . ,T',T£] . 

Thus T ^ T' iff T' ^ for 1 < i < p. 

Let A = (a^^/a^, , , . and B =Cb^,b 2 , •.,,bj^) be a pair of 

bipartite score lists. Let the strong component decomposition 
of A and B be 

A = + Aj + ... + Ap (4.4.3) 

and 

B = B^ + B 2 + ••• + Bp ( 4 , 4 * 4 ) 

v/here and B^ for 1 £ i £ P ^re a pair of strong component of 
A and B, The dual score lists Af and B'' will have the following 
strong component decomposition. 


4" • • • + A1 + A5 

(4.4.5) 

and 


b' = Bp + ... + B' + b£ 

(4.4.6) 

We note that 


A = A' iff Ai = for 1 < i < p 

(4.4.7) 

and 


B = B' iff B( = for 1 < i < p 

(4.4.8) 

Por the case, A^ = B and B^ = A, we get 


A' = B iff Aj^ * ®p+l-i for 1 i i P 

and 

B' = A Iff = Ap^j_^ for 1 < 1 < P 

(4.4.9) 

(4.4.10) 
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score Ixsts A and B having the following adjacency relation 

Vi(u3/U^); v^Cu^/U^); V3{u3_/u^#u^) ; v^Cu^/U^/U^) . 

VJe note that T ^ T'. Therefore tne pair of bipartite score lists 
A and B IS not self-converse. 


In Theorems 4.4,2 and 4,4,3/one of the lists is constant. 
Hence it seems that if A or B is constant with A'= and B' = B 
(or a' = B),then the pair of bipartite score lists a and B is 
self- converse. But this is not true as the following example 
shows • 


Example 4,4,4, Let A = B = (5,5, 5, 5, 5/5, 5, 5, 5,5) . We note that 
A' = A and B' = B, (Also A' = B) , Let T be a bipartite 
tournament with the following adjacency relation 


T 


; U2(v3,V4,v^,Vg, 

U7(Vi,V3/Vg,Vg,Vio)> ^(v2,V2,Vg/Vg, 


v^); U3(v3,Vg,Vg,Vg,v^Q)l 
Vg); Ug(v^,V2,V3/V^,Vg), 
^10^' X^gCv^/V^/V^/Vg/V^)? 


■y’2^^'^2'^3^'^7'^10^' 

v^(u3/U^/Ug,U7,Ug) j Vg(u^/U2,Ug,u^,Ug); Vg(u2,u^/Ug ,U7,Ug> ; 
V7(u3^/U3,Ug,u^,Ug) j tig(u^/U^#Ug,-Ug,u^Q); VgCug/Hg/Ug/iig/Ug) f 


We have checked that T fS if . Thus the pair of bipartite 


score lists A and B is not self-converse. 
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Below, we give techniques which give rise to self-converse 
bipartite score lists. 

Theorem 4,4,4, Let A and 3 be a simple pair of bipartite score 
lists of order mxn. Then A+A' and B+B' are self-converse 
bipartite score lists of order 2mx2n with an even number of 
strong components. 

Proof , The pair of bipartite score lists A+A' and B+B' is 
simple from Iheorems 4,3.2 and 4,3,3, We note that (A+A')' = A+A' 
and CB+B')' = B+b' , Thus from Theorem 4,4,2/ the pair of 
bipartite score lists A+A' and B+B' is self-converse. Clearly the 
number of components are even, l 1 

If we do not take the pair of bipartite score lists A and 
B to be simple/ then A+A' and B+b' need not be self— converse as 
the following exampio oiiowc. 

Example 4,4,5 . Let A = (1/1/3) and B = (1/2/2/2). We note 
that A+A' = (l,l/3/5/7,7) and B+B ' = f 1 /2/2/2/4,4,4/5 ) . We 
consider a bipartite tournament T with the score lists A+A' and 
b+b'/ as given by the following adjacency relation 

T : u^(vj^); U2(V]^)? U3(v2rV2/V^); u^(v^/V2/V3/V^) } 

V4(u3^/U2); V 5 (u^/U 2 #U 3 /U^) j 

V6(u^*U2'^3'^4^' '^7^^'^2'^3'^4^ ^ * 

We have checked that T ^ T' and hence A+A' and B+B' are 
self-converse bipartite score lists. 


not 
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4 « 4 »5 » Let A and B be a paxr of self-converse bipartite 
score lists and C and D be a pair of simple bipartite score lists. 
Then C+A+C' and D+B+D'are a pair of self-converse bipartite score 
lists with atleast three componenrs. 

Proof , Let be the realisation of the simple pair of bipaartite 
score lists C and D, Let T 2 be a self— converse realisation of 
the self-converse bipartite score lists A and B, Let 
^ ~ 3 ‘ observe that T is a realisation of the pair 

of bipartite score lists C+A+C' and D+B+D' , We also nore that 
T' = . This shows that T = T^ as T^ = T', Thus T 

is a self-converse realisation of C+A+c' and D+B+D' , Since T 
is an arbitrary choice and hence T = T' for all the realisations 
T of C+A+C' and D+B+D' , Ohus C+A+C' and D+B+D' are self-converse. 
Clearly the pair C+A+C' and D+B-tD'' has atleast three components, J I 

In the end/we produce an example of bipartite score lists 
A and B having two realisations T^ and T^, where T^ ^ T^ • Here 
Tj^ IS self-converse but is nor self-converse. 

Example 4,4,6, Consider A = (l, 3,3,5) and B = (l, 1,2, 2/3, 3) . 
Clearly A' = A and B' = B, Let Tj_ and T^ be as given below 

Vj^Cu^)! V2(u^)l V3 (Uj,U3); v^(u^,U3)? V5(uj^,U2,u^) ? 

VgCui^u^/Us) , 

T^ : vl^(v 3)? U2(v3^,V2,Vg); U3(v3^ ,V2, v^) ; U4(v3^,V2,V3,v^,v^) , 

Vj^(u^); VjCuj)} V3 (u2/U3)j V4(u^,U2)y ' 

V6(ui,U3,U4). 

We have checked that T^ ^ ~ ^2 ^ ^2* 
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TRIPARTITE T0URNAI4EnTS 

In this chapter our aim is ro study one more class of 
tournaments namely the tripartite tournaments. We shall be 
doing comparison of the results for the three classes of the 
tournaments, namely ordinarv, bipartite and tripartite 
tournaments. The research work on tripartite tournaments 
IS in Its infancy. 

The tripartite tournaments can be considered as a result 
of competition among the individuals of three teams or 
comparison among the items in three sets. In the case of 
competition among the indivisuals of three teams each player 
of a team plays with every player of the other two teams 
and this player either wins or loses, no tie being allowed. 
In the event of comparisons among the items in three sets 
one IS asked to give his preference of each item in one set 
to the every item in the other two sets. 

In an ordinary tournament a nontrivial strong component 
must have atleast three vertices while in a bipartite 
tournament a nontrivial strong conponent must have atleast 
four vertices, two from each partite set. In a tripartite 
tournament a non-trxvial strong component must have atleast 
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three vertices, one from each partite set. There is only one 
ordinary tournament which is consistent (a tournament is 
consistent if it has no cycle), namely the transitive tournament. 
In the case of bipartite tournament there are more than one 
consistent bipartite tournaments of order m x n. Consistent 
bipartite toumamehts have been characterised by Beinehc 
and Iloon [loj. Similarly there ore more than one consistent 
tripartite tournaments of order p x q x r, A regular ordinary 
tournament is of odd order, a regular bipartite touroament 
IS of order 2m x 2m. Whereas a regular tripartite tournament is of 
order p x p x p. Every non- trivial regular tournament of 
each kind is strong. 

In section 5 ,1 , first we characterise tripartite score 
lists. After that we study the strong component decomposition 
of tripartite tournaments. We also present a technique to 
generate all the tripartite score lists of order p x q x r 
with the help of computer. In section 5 .2 we give a relation 
between bipartite tournaments and tripartite tournaments. 

The concept of score vectors is introduced and the score vectors 
have been characterised, and some of its properties are studied. 
At the end we study the existence of cycles in the tripartite 
tournaments and present some conjectures. 
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5 OF TRIPARTITE SCORE LISTS . 

In this section we shall study what collections of three 
sets of nonnegative integers constitute the score lists of 
some tripartite tournaments. Landau [70] has characterised 
the score sequences of an ordinary tournament (Theoran 2.1.7), 
Moon [so] and Beineke and Moon [lo] have characterised the 
bipartite score lists (Theorems 4,lJL and 4,1.2), 

Let A = (a,, a , .,.,a ); B = (b, ) and 

^ P 12 q 

C = c^/.,,,c^) be three sets of nonnegative integers 

in nondecreasing order. 

Let h* = (q+J>-ap, . , .^q+r-a^, q+r-a^) ; 

B' = (p+r-kq/ , . .^p+r-b^^ p+3>-b^ ) and 
C' = (p+q-c^, . . .^p+q-c^/ p+q~c^) . 

The following are equivalent, 

A,B and C are the score lists of some tripartite tournament. 

A', B'' and C* are the score lists of some tripartite 
tournament. 

A', B' and C' are known as the duals of the tripartite 
score lists A,B and C respectively. 

Definition 5,1.1 . Let A = (a^^a^, , , .^a^) , B s= (b^^^b^/ . . .,b^) 
and C = (c-,C /.,,,c ) be a collection of tripartite score 

X / 

lists. The tripartite score lists A,B and C are said to be 
realisable by a tripartite toumam^t T with partite sets 
X = {u^,U 2 #.../Up} J Y = {v^,V2,...,Vg} and Z = . . .,wp 


112 


if _ s(u^) for 1 < 1 < 
and = s(wj^) for 1 < k < r. 

realisation of a,b and C. 


= s(v^) for 1 < J < q 
Such a T is called the 


A tripartite tournament is a realisation of tripartite 

score lists A,B and C n - f-f -,o t 

1 IS a realisation of A , B' 

and C* , 


Nov, we state a result v/hich can be used to obtain a 
construction of tripartite tournament with the given score 
lists. This result is an analogue of Theoran 2.1,1 in the 
case of ordinary tournaments and that of 4.1.1 m case of 
bipartite tournaments. 


— ^ 5.1.1 . Let A = (a^,a 2 ,...,ap) ; B = (b^,b 2 , . . .,b^) 
and C = (c^^c^/ ,..,cp be the three sets of nonnegative 
integers in nondecreasing order. Let A^ be obtained from A 
by deleting one entry and and be obtainc-d from 

B and C respectively by reducing q+r-a^ largest entries of B 
and C by 1, Then A,B and C are the score lists of some 
tripartite tournament iff A^, B^ and are. 


Proof. Let A^, B^ and be the score lists of seme 
tripartite tournament T^ with partite sets X,Y and Z. To 
the partite set X we add one vertex u. The vertex u dominates 
those vertices of Y and Z whose scores were not changed during 
the transformation of A,B and C to and respectively, 

and IS dominated by all other vertices of Y and Z, Hius we 
get a tournament with the score lists A,B and C, 
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Conversely let A, B and C be rhe score lists of some 
tripartite toumunent T with the partite sets X,Y and Z, 

We shall show that the vertex of X with the score a^^ 

is dominated by the vertices of Y and Z with the largest 
scores* Let this be not the case i,e. Let there exist two 
vertices x and y such that (u^, x) and (y/U^) are the arcs 
of T and s(y) < s(x). We have the following four 
pos Sibil ities , 

(1) x/y ex, (?) X e Y and y e z, (i) x e z and y e Y 
and ( 4 ) x,y e z, 

( 1 ) Let x,Y e Y* Since s(y) < s(x) this implies that 
there exists a vertex z such that (z,y) and (x/z) are the 
arcs of T, Either z e x or z e Z, Let z e X, we get a 
4 — cycle Ujj^/ X, z,y,u^. By reversing the orientations of 
the arcs of this 4-cycle we get a tripartite tournament T 
with the same score lists A,B and C, but the sum of the 
scores of the vertices dominating u^ is larger than the 
previous sum. Continuing in this way we get the result. 

Let z e Z, again we have a 4-cycle u^,X/Z,y,u^. The same 
argiament works here, 

( 2 ) Let x e Y and y e Z. Since s(y) < s(x) this implies 
that there exists a vertex z such that (z,y) and (x, z) are 
the arcs. The vertex z has to be in X ('E ^ Y as (x,z) 

is an arc and z / Z as (z,y) is an arc). We get a 
4-cycle u^,x,z,y,u^. The same argument is applicable here 

as in the case (l). 
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(3) Let X e Z and y e Y, Since s(y) < s(x) . This 
implies that there exists a vertex z such that (z,y) and 
(x,z) are the arcs of T. The vertex z has to be in 

X(z / Y as ( 2 ,y) is an arc and — ars--' an ar c 

and z ^ Z as (x/z) is an arc) , We get a 4— cycle 

z, y,u^. The same reasoning is applied here as in the 
case (1) , 

(4) Let x,y e Z. Since s(y) < s(x), this implies that 
there exists a vertex z such that (z^y) and (x,z) are 
the arcs of T. Either z e x or z e Y. Let z e x, we 
get a 4-cycle X/Z/y,u^* The same argumenr works here 
as in the case (l). If z 6 Y, Then we have a 4— cycle 
Uj_#x, z,y,u^. We use the same argument as in the case (l). 

This completes the proof . | 1 

This theorem is used to obtain a canonical tripartite 
tournament with the score lists A, B and C. 

I'^e begin with our lists A, B and C in nondecreasing order 
and then delete the last entry of A and maintain the non- 
decreasing property of B and C while reducing entries 
untill all the entries of A are deleted* Now we delete the 
last entry of B and maintain the nondecreasing praperty of C 
while reducing the entries of C until all the entries of 
B are deleted. This procedure results in a canonical tripar- 
tite touxnament with the score lists i4.,B and C and is denoted 
by T*(A,B^C). 
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We e5<plain the procedur,^ ^ n 

procedure with the nelp of the following 

example. 

Example 5 . 1.1 

Let A = (,,2) ^ B = ( 4 , 5 ), C = (1,1,1) 

= (’) ^ B^= (3,4), C^= (0,1,1) 

~ ^ / 3^= (2,3), 0^= (0,0,1) 

(?) , 0^= (0,0,1) 

^4= g , c^= (0,0,0). 

T'' (A,B,c) is given by the following adjacency relation. 

,0) . "^1 (■*^l#W2,u^,U2) ; 

^2 ^^1'^2'^3'^1'^2^' W2_(u^) 7 ^^(u^); w^Cv^), 


in Theorem 5,1,1 the list C is omitted, then we get 
a result for bipartite tournaments which have been observed 
by Beineke and Moon [10] (see Theorem 4.1.1). 

It can be easily seen that the canonical tournament 
T''(A,b) of the bipartite score lists A and B is unigue, ^ile 
T-(A,B,C) of the tripartite score lists A,B and C need not 
be unique. The following example illustrates it. 

Example 5.1.2. 


t A 

= ( 1 , 1 ), 

B 

= (?,3), 

c 

= ( 3 , 3 , 3 ) 

■ h 

= (1) , 

®1 

= ( 2 , 2 ), 

^1 

= ( 2 , 2 , 2 ) 

^2 

= g / 

®2 

= (1#?), 

S 

= (1#1,1) 



®3 

= (1) / 

S 

= (0,1,1) 



®4 

= g , 

^4 

= (0,0,0) 
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The 


canonical tournamenr T^‘ (r.,B,C) 
roll owing adjacency relation. 

"iS'"?''",)! «3(Ui,Uj,v^), 

We consider another reduction as follows 


IS given by the 


= (1/1) , B = (0,3), C = (3,3,3) 

\ = (1) , B^= (9,0), = (2,9,2) 

^2 = ^ ' ^2= S = 

63 = ( 1 ) , C 3 = ( 0 , 1 , 1 ) 

^ ' ^4 = ( 0 , 0 , 0 ). 

The canonical tournament T^ {A,B,C) is given by the 
following adjacency relation. 


^ (A,B,C) 


^(^ 3 ), n^(v^); 

w^(u^,U2,v^): ' ^ 3 ^'^ 2 '^ 1 '^ 2 ^ * 



Now we prove a result which shows 'what collection of 
three sets of nonnegative integers form the score lists of 
some tripartite tournament. This result is similar to that 
of Landau's result [ 70 ] (Theorem 2.1.2) ordinary tournaments 
and Beineke and Moon's [”10 J (Theorem 4.1 , 9 ) for bipartite 
tournaments , 


Theorem 5.1.2 . Let A = (a^/a^, .../a^) , B = (b^^^b^, ...,b ) 
and C =s ( , c^ , , , . , c^) be the three sets of nonnegative 
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xntegers in a nondecreasing order. The lists A, 3 and C 
form the score lists of some tripartite roumament T iff 
1 m n 

SC, >lin + mn + nl .1,-1) 

i=l j=l J k=l ^ “ 

for 14-14?/ 14 1-4 equality h'^lds f*r 

t 

1 = p, m = q and n = r 

"JL 

( 2 ) If 0 IS the number of zeros in any lists, then the 
first entry of the other two lists has to be atleast 0, 

( 3 ) The condition ( 2 ) is satisfied by the duals A', B' and C', 

Proof , Let T be a realisation of score lists A, B and C, 

We show that all the three conditions are satisfied, 

( 1 ) Consider the subtripartite tournament with vertices 

{Uj^ ,U2/ . . ./U^} , { Wj^,w^, . ,.,w^} . The 

number of aros in this subtripartite tournaments are 

1 m n 

Im+mn+nl. The s\m S a. + E b + Sc, is the sum of the 

1=1 ^ 3=1 J k=l ^ 

score of the vertices {u^/U^, . . ./U^} , { v^,V 2 , .../Vj^^} and 

1 m n 

fw- ,w-, ...,w„} . Hence XI 3-? + Tlt> +XIc, >lm+mn + nl, 

^ ^ “ i=l ^ j'=l k=l ^ 

For l=p, m=q and n=r the left hand side of equation (5,1,1) 
is the sum of the scores of the vertices of T and hence equals 
the nxmiber of arcs in T, This proves the condition (l), 

( 2 ) Let ^=^2 the vertices ** 

are dcxninated by every vertex of Y and Z and hence > O and 

_> O, 
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his can be proved similar to the condition (■?), 

This proves the necessary part. Iba sufficient part 
we prove with the help of contradiction. Let A, 3 and C be 
the three sets of non-negative integers in nondecreasing 
order satisfying conditions (l), ( 2 ) and ( js) but and C 
do not form the score lists of any tripartite tournament. 

We choose these lists such that p^q and r are the smallest 

possible and a^ is the smallest possible for the choice of 
P/q and r, 

CaseJjJ. Suppose equality in equation (5.1.1) holds for 
some 1 < p, m < q and n < r i.e, 

1 m n 

^1 = Im-Hnn+nl (5.1..?) 

Let 1 = ( a^ , a^, . . .^a^^) , = (b^,b^, ,,,,b^) and 

*^1 ~ • Clearly and satisfy the 

conditions (1), (?) and (3). Ihus by the minimality of p, q 
and r the lists ^'^ 2 .* ®l ^ 2 . the score lists of some 

tripartite tournament . Now we define 




. . , a -m-n) , 

Jv 




• ♦ # SLllci 

q 


s 


* « / • 


We 

consider the 

sum 


L 


M 

N 

E 

i=l 



E (c v“l-ni) 
k=l 
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1+L in4iv;I 

= 2 a + 2 b 
1=1 2=1 J 


n+N 
+ E 
k=l 


'=k- 



- m-Ln-Ml-Mn-Nl-Nm > LM-h^N+NL for 1 < L < p-l, 

and 1 < K < Egualxty’tolds' fol L 

M = q-m and N = r-n. Tnus tho lasts and c 

satisfy condition (l) of the theoron. 


P-1^ 


Now we prove that the condition ( 2 ) 

the lists A . B ;=?nrS r* T 

2/ ^^2 <^ 2 * ^ 1+1 = 

Then we have to show that b -1-n > n 
Wo consider 


IS satisfied by 
^ 1 + 2 “***“^ 140 “ 


1^ m+1 n 

1=1 ^ <1«) (m+l) 


Thus 


+ (m+l)n + n(l+0) from equation (5,1,1), 


1 m n 

.2 ^, + S b + 2 c, + 0(m+n) 

1=1 j=l J k=l ^ 


+ b 


m+1 


>lm + l+ Qm+0 + mn + n + nl + nO 

Hn+1 - 1+n+O. Similarly we can show that > 1+m+o. 

Thus the lists and satisfy the condition ( 2 ) 

of theor«n. Similarly we can show that A*, B' and c* 

2 # 2 ^ ^2 

also satisfy the condition ( 2 ) of theoran. Hence by the 

minimality of p,q and r, the lists A , B and C form the 

^ ^ 2 

score lists of sane tripartire tournament T , 

2 
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be the partite sets of the 
tripartite tournaments tvith the score lists 

and for i = 1 , 9 . Let X = .^{j y = U and 

^ U • We define a tripartite tournament with partite 

sets X,Y and Z as follows. 

Each vertex of dcminates every vertex of and 

Zj _ . Each vertex of Y^ dominates every vertex of X^ and 

^1* vertex of Z^ dominares every vertex of X^ and 

Y^. Thus we get a tripartite tournament t with the score 
lists A, B^C which IS a conuradiction. 


Case ( 2 ) . Suppose that the strict inequality holds in 
equation (5.1.1) for 1 /= p, m /: q and n / r. We assume 
that a^ ^ O. Let = (a^-l, a^, ...^a^+l) , B^=(b^,b ,...^b ), 
1 “ • Clearly the lists B^ and 

satisfy all the three conditions of the theorem. Hence by 
the minimality of a^, the lists B^ and are the 

score lists of some tripartite tournament T^, Let 
s(u^) = a^-1 and sCu^) = a^+l . As sCu^) > s(u^), there 
exists a vertex x e V(T^) such that (u^^x) and (x^u^) 
are the arcs of , By reversing the orientations of the 

arcs of the path u^, x, u^^, we get a tripartite tournament T 
with the score lists A, B and a contradiction.! l 


Definition 5 .1 . Let T^ be the tripartite touimaments 
^dth disjoint partite sets X^, Y^ and for 1 1 i < t. 
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t t 

Let X = i i X , Y = 

w -1 • 


i=l 


(_{ Y^ and Z = \J Z , Now ] 

i=l x=l 


denote the tripartite tournament with the partite sets X,Y 
and Z, obtained from for 1 £ i < t such that the arcs 

of T are the arcs of and each vertex of X^ dominates 

every vertex of Y^ and Z^ for i > J and i > k, each 

vertex of Y^ dominates every vercex of X^ and for 

j > 1 and j > k and each vertex of Z^ dominates every 

vertex of X^ and Y^ for k > i and k > j . 

Definition 5.1«3 . Let •• 

B. = (b^^, b^, b^g^) and 

i = 1,2 be some tripartite score lists. We define 


A^+ A^ = ^^ll'^12' **’'^lp^' '3l‘^^l'*‘^2l' *“'^1'*'^1'*’^2P2^ 


and 


Let be a realisation of tripartite score lists 

A., B. and C. for i = I,?-. Then T=[Tj^,T 2 ] is a 

realisation of A^+ A^, B^+ B^ and C^+ C^. Thus A^+ A^, 

B + B and C^+ C„ are the tripartite score lists. This 
12 12 

operation is associative. If A^, and for 1 £ i < t 

are the tripartite score lists, then A = A^+ A 2 +. ..+A^, 

B = B,+ B +...+B. and C = a + C +...4C^ are also the 
1 2 t 

tripartite score lists* 
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The strong components of tripartite tournament ( score 
lists) can be obtained with the help of the following 
technique. 

( l) Let ^ “ ( ^1 ^ / • • • # a^) / E — C / • • • / and 

C = (c^,c^^ , , ,,C^) be the tripartite score lists. Let T 
be a realisation of A, B and C, If a^= 0 or b^= 0 or 
c^= 0/ then the corresponding vertex of T constitutes the 
trivial component. We delete this vertex as v/ell as the 
entry of the list corresponding to this vertex and scores 
of other two lists are reduced by 1, Now we consider the 
new lists and repeat the step. If step (I) is not applicable 
we go to step ( II) . 


(II) We check for what values of 1/m and n the equality 

1 m n 

holds good in equation (5.1.1) » i.e. Eat E b.4- E 

1=1 3=1 k=l 

= Im + mn + nl for 1£1£P/ ^ 5 . ^ 


Then the vertices corresponding to the score lists 
(ai/a 2 /.../ai)/ (b^/b^z .. ./b^^) and (c^/C^/ . . ./C^^) form a 
strong component of T* We delete these vertices and the 
corresponding entries fan^m the score lists^ We reduce each 
entry of A by m+nj? of B by 1+n and of C by l4m# We consider 
this new lists and we go to step (I)« 

Thus we can get the strong component of a tripartite 
tournament as well as the tripartite score lists* We 


consider one example# 



E^ple 5.1. 3. Let A = B = (1,5) and €=(,, 3 , 3 ,, 

Equation ( 5 . 1 . 1 ) is satisfied for 1 = 5 , ra=l and n=l . ihus 
the first strong component is A., = (1,1) n ^ r 1 y 

= ( 2 ) • The re(auced lists are A = (p , B = ( 7 ) and 
C = (0,0). Thus there are two trivial components 
*^2 = ^3 = ^ 0 ) and one trivial component B^= (o). 


Let T^, T / ,,,,T be the strong components 


Of a 


tripartite tournament T obtained from the above procedure. 
Now T^,T 2 ,...,T^ can be arranged in an ordered sequence 

such that T = [T^,T^ and such a decomposition is 

known as the strong COTiponent decomposition of T, in the 
same way the strong canponents A . B. and C fo>- 

IX X 

1 < 1 < t of the tripartite score lists A,B and C can be 
arranged in an ordered sequence such that 

A = A^ + A2+»,,+ A^ 


B — Bj^ + 


(5.1.3) 


C = + C2+..,+ , 

In section 4,1 we have studied about generating the 
bipartite score lists with the help of ccmputer and we 
have also discussed about t(m,n)# the total number of 
bipartite score lists of order m x n. Here we shall be 
discussing about generating the tripaartite score lists of 
order p x q x r. jfe shall study about the nxjmiber t(p,q,r). 
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which IS the total number of tripartite score lists of order 
p X q X r« No exact result is knovm to evaluate t(p,q/r) 
for all values of p^q and r. We shall be reporting the 
values of tCp^q/r) for some values of p^q and r* We 
hope that these values may help in getting a general expression 
for t(p/q, r). Now we present the exhaustive search techni(qxq. 
If A = ( a^/a^, . , ./Sp) / B = (b^/b^/ • . . jb^) and C = ( c^^z c^ , . , , /C^) 
are tripartite score lists of order p x q x r/ then 
0 < a^ < q+r for l<ilP/ ^+P 1 1 3 1 <5 

and 0 < c^ < p+q for 1 < k < r. By cotpputer we generate 
three lists of nonnegative integers in nondecreasing order^ 

A = (a^/a^r .../ap) 0 £ 1 1 £ ^ £ P' BsCb^^^b^# 

0 £ b^ £ r+p for i £ 3 £ q ^ 

0 < c, pi"*! for 1 Ic £ r and arrange all these lists in 
antilexicographic order# Now we choose the first list of A 
and apply the criteria of the Theorem 5 #1.2 by choosing the 
list of B and C one by one. If the criteria of Theorem 5#1#2 
are satisfied for seme lists A/B and Cg then we note them 
down. We do this for all the lists of A, choosing them one 
by one. Thus we get all the tCp^q^r) tripartite score lists 
of order p x q x r. In table 5.1 .1 we list the values of 
t(p,q,r) for some values of p/q and r. 
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P 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 


q 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 


r 

1 

2 

3 

4 

5 

6 
8 
9 
2 

3 

4 

5 
2 
3 


t (p^q,r) 
7 

16 

30 

50 

77 

112 

210 

275 

53 

136 

298 

584 

239 

799 


Table 5.1.1 


lists 

zero. 


denote the number of tripartite score 
of order p x q x r such that atleast one score is 
We have the following interesting result. 


^preir. 5.1.3 . t^(p,q,r) = t(p-l,q,r) + t(p,q-i,r) + 

Proof, Let A,B and C be the tripartite score lists of 
order p x q x r. Let the strong ccxnponent decocnposition of 
B and C be as follows. 
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+ • • » + 

B = + ®2- +•••■♦■ ®t 

and 

c = Cj + Cj +...+ 

where and for 1 £ i £ t are the strong components 

of A^B and C, We are interested only in those tripartite score 
lists in which either A^= (o) or B^ = (O) or = (O), If 
~ ( O) / then the deletion of the vertex corresponding to this 
component leaves the order of the tripartite tournament 
to be Cp-1) X q X r. Thus these are t(p-l/q/r) tripartite 
score lists of order p x q x r such that A^ = (O). Similarly 
there are t(p/q^l,r) and t(p^q, i>-l) tripartite score lists 
of order p x q x r such that B^= (O) and C^= (O) respectively. 
Hence t^(p#q/r) = t(p-l,q,r) + t(p,q-l,r) + t(p,q,r-l) . I I 

5 .2 TRIPARTITE TOURNAMENTS AND BIPARTITE TOURNAMENTS . 

Let T be a tripartite tournament with partite sets 
X,Y and Z, In this section^ we plan to study the relation 
between bipartite tournaments and tripartite tournaments. 

First we shall show that a tripartite tournament is a combination 
of three bipartite tournaments. Let T^ be a bipartite tourna- 
ment with partite sets X and Y and let (u/.v) e E(Tj) iff 
(u,v) e E(T), Let T^ be a bipartite tournament with partite 

* sets Y and Z such that (v,w) e eCt^) iff (v,w) e E(T), 

I 

*1 

^ , 

• 
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Let be a bipartite touma-nent with parrite sets X and 

with (w,u) e E (T3) Iff e e(t). Thus we observe 

that a tripartite tournament T is a combination of three 
bipartite tournaments T^, and such that 

E(T) = E(T^) U eCt^) ’J E(T^). 

Let X = {u^/u^, .,,,Up} ^ Y = and 

Z =■ {Wj^,w2/...^w^} be the partite sets of a tripartite 
tournament T. To each vertex u^ e x, we assign a vector 
S(u^) of dimension 3 as follows. 

S(u^) = where 

^12 “ ® ® E(T)}i and a.^^= iCwe z: (u^,w)e E(T)}i 

to each vertex v^ e Y and 6 Z we assign vectox^ 
S(v^) and S(w^) as follows. 

S(v^) = (b^.^,0,b^2^ where b^^ = 1 {u e X;(vj,u) e E(t)}i 
and b - = |{we Z: (v .w) e e(t)}i, 

j j 

and 

S(w^) = where = I £u e X:(v7j^^u) e E(T)}i 

and c^= i{v e Y:(w^,v) e e(t)}i. 

Let 

A =. ((0,a^2'^13^' ^p3^ ^ 

B =t ( / ^^2l * ^^^ 23 ^ ■^ * * * ^ ( 5 . 2 »l) 

and 

We call %.f B and C as the score vectors of a 


tripartite tournament T, 
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Also let A'' = ((0,q-ap2/ , , , , , , 

(0,qp-a^2'^a-13) / B = ( r^bq^) , . . . / (p-b23_/0, r~b^_j) , 

Cp~t>li,0^z^bi^) ) and C = , 

(p-c^j^/q— c^^/O) ) . Then the following are equivalent, 

Af B and C are the score vectors of seme tripartite 
tournament, 

A , B and C are the score vectors of some tripartite 
tournament. 

The score vectoirs A , B and C are said to be the 
duals of the tripartite score vectors A, B and C arespectively. 

If A = ( a^ / a^ # • • , / ^ B = ( b^ ^ bp ^ , • • / and 

C = (c^/Cp/ ,,,,c^) are the score lists of some tripartite 
tournament T, then 

= ^12 + =“13' 1 i i i P » bj = bjj + b^ 3 , 1 < J < g 
and = =„.+ ‘TC2' 1 i ^ b. 

Also if A^ = Cajj,a 2 j,...,ap 3 ), = Cb 3 j^,b 3 j,..,,b^ 3 ) 

*2 “ ^h3'*“23"‘”*^q3'' ®2 ~ ^'“l2'°22 ' ' ' * ' 

A^ = ^ 1 ^ ^2l ^ * * * ^ *^n^ und B^ = ** ^ 

then A^ and B^ are the score lists of bipartite toumanents 

T^ for 1 < 1 < 3. 

Thus by Theorem 4.1,1, we get the following result. 

Theorem 5.2.1 . Bet A =( (0,aj^p,a^2^* ' * * " ' ^^■'^p2''^p3^ ^ ' 

§ = ((b 2 ^j^, 0 ,bj 3 ), (b 2 ^, 0 ,b 23 ),...,(bg^, 0 ,bg 3 ) and 
C = (Cp3^,C2p,0),...,(Cj.j^c^,0)) be the sets of 


vectors with entries being nonnegative integers. Let be 

obtained from A by deleting the ith entry i,e, ^i3^ 

and and be obtained from B and C by reducing 

each of the largest q-a ^ remaining entries from b 
by 1 and each of the largest raraining entries from 

® ^ respectively, Ihen A, 3 and C are the score 

vectors of some tripartite tournament iff A^, B^ and are. 

Proof , It follows from Iheorem 4*1 ,1.11 

We characterise tripartite score vectors below, ‘This 
result is analogous to theorem 4,1,2, The proof being similar 
to the proof of Theorem 4.1,2 we emit it here. 

Theorem 5,2,2 . Let A = ( 

B = ( (b^^,0,b^25^ (b23^/0/b^25/*-«/Cbg^/0/bq2)) and 
C = f three sets 

of vectors with entries being nonnegative integers such that 

^2 i ®22 -•••- V’ ®13 i *23^— i 

hi - hi hi' hs - 

hi i hi -•••- hi h2 ^ =22 i—2=r2- 

Hien A, B and C are the score vectors of same tripartite 
tournament iff 

1 m 

E a 2 + E b.^ > Im (5.2,2) 

i=l li 

for 151 £P/ equality holds for 1 = p 
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J =1 ^ k=l 


(5.2.3) 


for 1 < m < q and 1 < n < r with equality holding for 

m = q and n = r 

and 

n 1 


S c + E a - > nl 
k=l ^ 1=1 - 


(5.2.4) 


for 1 ^ ^ f and 1 ^ 1 ^ p and the equality holds for 

n = r and 1 = p. 

While characterising the tripaartite score lists in 
Theoraa 5.1.2/ we had three conditions. Now we show that 
all those three conditions can be obtained from Theoran 5.7.2, 

Firsc we show that condition (l) of Theorem 5.1,2 is 
satisfied. From equations (5.2.2), ( 5 . 2 . 3 ) and (5.2.4), we get 


1 

m 

n 

1 m 

S a. + 
i=l ^ 

S b. + 

j=l ^ 

E c, ^ 

k=l ^ 

E ai + E 
i=l j=l 

m 

n 

n 

1 

( E b -+ 
3=1 

k=l 

+ ( s 

k=l ^ 

+ E a 3 ) 
i=l 


> Im + mn + nl for 111<P, l£rti<q and 1 < n < r . 
We note from equations (5.2.2), (5,2.3) and (5,2.4) that 
equality holds for l=p, m=q and n=r. Thus condition (l) 
of Theorem 5.1*2 is satisfied. 


Now we turn to condition ( 2 ). Let 




Since a^^ = a^^ ■** ^ 13 ^ hence a ^2 - ^± 3 - * ^ £ i < 0, 
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Substituting 1=0 and m = 1 in equation (5.2.2), v/e get 
> 0 implying b^ > o as b^ = b^^ + b^ 3 . Samilarly we 
can show that > o. Thus condition (2) of Theory 
5-1.2 is satisfied. Similarly we can show that condition (3) 
of Theoran 5-1 is satisfied but for this case we make use of 
the duals A , B and . 


We have the following characterisation of bipartite 
score lists. See [92] • 

■ 2 2 ^ . 9 7 ^ • bet A = (a^,a 2 , .. ./a^) and 

B = (bj^,b^, , , ,,b^) be the lists of nonnegative integers with 
^ nonincreasing order. Ihen A and B are the score lists 

of some bipartite tournament iff 
k n 

2 a. < E min (k,m-b.) for 1 < k < 
i=l ^ “ j=l J - - 


m 


(5.2.5) 


with equality holding for k ^ m. 


^^nthermore, the bipartite tournament is strong iff the 
inequality is strict for all k < m and 0 < b^. < m for all 
J < n. 

An analogous result in the case of tripartite tournaments 
is as follows, 

_a^eorem 5.2,4 . Let A = ((0,a^2'^3^' ^°^^2'?'^23^ 

“ ^22 “***■— ^p2^ ^ ~ ( 0, bj^ 2) / ^ ^21'^ ^*^^23^ ^ * * *^ 
(bgl/ 0 ,b^ 2 ^) with bj ^2 > b 23 b^^ and C = ( (c^^, * 

‘=2l'°22'°''—' ‘°rl'=r2'°’> °U > =21 <=^1' 
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with the entries being nonnegative integers. ihen A, B 

and C are the score vectors of some tripartite tournament 
iff 

1 q 

1=1 tor 1 < 1 < p (5.2.6) 


equality holding for 1 = p 
m r 

2 b ^3 < 2 min for 1 < m < q 


with equality sign for m = 


and 


^ ^vi 1 ^ rnin (n,r-a. 

k=l ^ i=l 


for 1 < n < r 


(5.2.7) 


with equality holding for n = r. 

We now discuss the strongness of the score lists, Harary 
and Moser [54] have characterised the strong score sequence of 
ordinary’' tournaments. 

Theore m 5 .2 .5 [54l . Let S = ***'^n^ ^ score 
sequence of an n-toumament. If each score s^ satisfies 
1 3 

^ (n-l) £ s^ < ^ (n-1), then the tournament is strong. 

The following analogue has been obtained by Beinke and 
Moon [lO] (This result was earlier given by Moon [so] ) in 
the case of bipartite tournaments, 

Iheoram 5,2.6 [so] . Let T be a bipartite tournament with 
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ii>j 


E 

f, 



the score lists A = B = (b^,b2, . . .,b„) 

satisfying i n < a^ < I n for 1 < i < m and i*>< b < 4n 

^ J 4 

^ 3 5. n*. Then T is strong* 

As an extension of this result, we obtain the following 
characterisation of strong tripartite tournaments in terms 
of the score vectors. The proof is similar to that of 
Theorem 5 , 2,6 and hence we omit it, 

5 .2 « 7 . Let T be a tripamte tournament with score 
vectors A = ((0,ajj,aj3) , 


-¥ 

B = 


.0 

'^13 

)/ 

(b2j^,0,l 

^ 23 ^^ 

• • • / j.0|r. 


and 


C = 


=12,0) 

# 

'=21 

'^22' 

0) g • 

..f 

,0)) 

satis tying 


(I) 

1 

iq 

< 

^i2 

< 

3 

4 ^ 

for 

1 < 

i < p and 





|p 

< 

hi 

< 

|P 

for 

1 < 

1 1 q 


( 5.2 

. 9 ) 

Cii) 


< 

h 3 

< 


for 

1 < 

J < q and 

|q < 

■ ^22^ h 



for 

1 < 

k 

< r 





< 5 . 2 . 

.10) 

H 

H 

< 

^Id 

< 

3 

4P 

for 

1 < 

k < r and 

< 

* 13 = 



for 

1 < 

i 

< P 





( 5 . 2 - 

.11) 


Then 

T 

is strong. 







We now characterise strong tripartite tournaments 
in terms of their score lists. 

Theorem 5 , 2 >8 , Let T be a tripartite tournament with the 
score lists A = g B = and 
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C - ( # . • , satisfying 

I (q+r) < < I Cq+r) for 1 < i < p (5.2.l7> 

4 ^ I ^^+P) for 1 1 J 1 q (5.2.13) 

and 

1 3 

4 ^ ^ 4 for 1 < k < r (5.2.14) 

Then T is strong. 

Proof . This follows from the Theorem 5.2.6,^, 

We know that an ordinary tournament can be obtained 
from any other having the same scores by a sequence of arc 
reversal of 3— cycles (see [92/ 93] )» Beineke and Moon [lO] 
have given an analogous result in the case of bipartite 
tournaments. The result is, ^^if the two bipairtite tournaments 
have the same score lists/ then each can be transformed in to 
the other by successively reversing the arcs of 4-cycles.'''’ 

We present here a conjecture in the case of tripartite 
tournaments . 

Con ^ ecture 5.2.1 . If the two tripartite tournaments have the 
same score lists, then each can be transformed into the other 
by successively reversing the arcs of 3-cycles. 

If the conjecture can be proved to be true, then in each 
kind of tournaments, two tournaments having the same score lists 
can be transformed in to the other by successively reversing 
the arcs of cycles of minimum length. 
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Now/ we shall study the existence of cycles in each kinds 
of tournaments. Harary and Moser [54l have established that 
every strong n- tournament has cycles of length 3,4^...,n. 

But this IS not the case in bipartite and tripartite tournaments^ 
where as the strongness certainly guarentees the existence of 
some cycles. Harary and Moser [ 54 ] have also shown that if an 
ordinary tournament has an recycle, then it has cycles of 
lengths 3^4/,*,yr, We know that no cycle in a bipartite 
tournament can have odd length. First, we define a F 

4r 

tournament and then study the existence of cycles 
in the case of bipartite tournaments. 

Defin ition 5,2.1 . A bipairfcite tournament has partite 

sets X = {v^.V 3 ,...,v^^^} and Y = £ V 2 ,v^, .,,,v^^} . !fhe 
arc set is such that is an arc if j-i = l(nod 4). 

We note that all cycles of F^^ are multiples of 4 and that 
all multiples of 4 (up to the rth) occur, Beineke and Little 
[ 11 ] have shown the following. 

Theorem 5 . 2 «9 , If a bipartite tournament has a cycle of 
length 2n, then it has directed cycles of all smaller even 
lengths unless n is even and the 2n— cycle induces one special 
digraph, nomely F^^ where r = p/2* 

Now, we shall study the existence of cycles in tripartite 
tournaments. First we give a definition. 
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Dgfiriition 5.7.? . we define a tripartite tournament F 3 ^ 
as follows. Let x = ^ ^ ^ C v, , . . 

and Z = {V 3 ,vg,...,v 3 ^} . The arc set is such than 


(v^,v^) IS an arc if j-i = j 

cycles of are multiples of 3 and all multiples of 3 

(up to the rth) exist, in this case we note that 

•• f where A,B and C are the score lists of F 

3r* 


The result that we obtain is as follows. 


— 5.2.10 . Let T be a tripartite tournament with the 
partite sets X^Y and Z. Let the score of each vertex of seme 
partite set be zero. Then the existence of c^^ Implies the 
existence of c^^ for 2 < s < n, unless n is even and 
2n-Gycle induces one special digraph, namely F^^, where r = Xi/2m 

Proof. Let s(w) =0 for every vertex w in Z, 

Thus no cycle of T can pass through the vertices of Z, H^ce 
any cycle of T has to pass through the only vertices of X 
and Y, But the digraph induced by the vertices of X and Y is 
a bipartite tournament. Now the result follows from 
Theoran 5 .2.9,1 | 


We now report a conjecture which deals with the existence 
of cycles in tripartite tournaments. 

Conjecture 5,2.2 . In a tripartite toumamaat T, the existence 
of implies the existence of Cj^ for 3 < k < n, exc^t 
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when the tripartite tournament induced by 
IS isomorphic to where r = n/3 

structure as described in Iheorem 5.?. 10. 


the vertices of 
or T has the 


We conclude this 
follow , 


section with some open problems which 


( I) The characterisation of the staple tripartite score 
lists and 

( II) The characterisation of self-converse tripartite 
score lists. 
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